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Infrared problem in perturbative quantum
field theory
Pawe l Duch
Abstract. We propose a mathematically rigorous construction of the
scattering matrix and the interacting fields in models of relativistic per-
turbative quantum field theory with massless fields and long-range inter-
actions. We consider quantum electrodynamics and a certain model of
interacting scalar fields in which the standard definition of the scatter-
ing matrix is not applicable because of the infrared problem. We modify
the Bogoliubov construction using the ideas of Dollard, Kulish and Fad-
deev. Our modified scattering matrix and modified interacting fields are
constructed with the use of the adiabatic limit which is expected to
exist in arbitrary order of perturbation theory. In the paper we prove
this assertion in the case of the first- and the second-order corrections
to the modified scattering matrix and the first-order corrections to the
modified interacting fields. Our modified scattering matrix and modified
interacting fields are defined in the standard Fock space. However, the
particle interpretation of states in this space is non-standard. In partic-
ular, the electrons and positrons are always surrounded by irremovable
clouds of photons. Moreover, the physical energy-momentum operators
do not coincide with the standard ones and their joint spectrum does
not contain the mass hyperboloid.
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Infrared problem in perturbative QFT 3
1. Introduction
Quantum electrodynamics (QED) is one of the best tested theory known in
physics. The success of QED is to large extent based on very accurate theo-
retical predictions of the anomalous magnetic moments of leptons and tran-
sition frequencies between various energy levels in light hydrogenlike atoms.
In contrast to other sectors of the standard model the scattering experi-
ments do not constitute the most stringent tests of QED. In fact, the state
of the art theoretical description of the scattering processes in QED is still
not completely satisfactory from the conceptual point of view. Because of
the long-range character of interactions mediated by massless photons the
standard construction of the scattering matrix is plagued by infrared (IR)
divergences [BN37]. In view of these problems, one usually abandons the
definition of the scattering matrix and computes only the so-called inclusive
cross sections [YFS61, Wei65] which are obtained by a formal summation over
all outgoing states with arbitrary photon configurations whose total energy
is below the sensitivity of the detector. For most practical applications the
inclusive cross sections provide a fairly satisfactory description of the scatter-
ing event. Yet, it is possible to imagine experiments in which this description
proves to be incomplete. For example, it is not possible to describe the mem-
ory effect such as a shift of a trajectory of a charged particle moving in a
weak low-frequency electromagnetic field [Sta81, Her12] without using some
IR finite scattering matrix. It would be also challenging to study a quantum
analog of the memory effect predicted in classical electrodynamics [BG13,
GHITW17, Str17] without having a full scattering theory in QED at hand.
It seems that the soft photons, which are treated as a mere background in
the approach based on the inclusive cross sections, do play a physical role.
Indeed, Hawking, Perry and Strominger [HPS16] have argued recently that it
is possible to solve the black hole information paradox using the IR degrees
of freedom of the gravitational field. The significance of the soft degrees of
freedom has been also recently observed by a number of authors who stud-
ied the relation between the Weinberg soft photon theorem [Wei65] and the
so-called large gauge transformations [GS16, CL15] (a more complete list of
references can be found in the lecture notes [Str17]). The recent revival of
interest in the IR degrees of freedom calls for a construction of the scattering
matrix in QED in which these degrees of freedom are properly taken into
account.
A strategy for the construction of a IR-finite scattering matrix in QED
was suggested long time ago by Kulish and Faddeev [KF70]. Their construc-
tion is based on the Dollard method [Dol64] which was originally formulated
for the Coulomb scattering in quantum mechanics. The basic idea is to define
a modified scattering matrix by comparing the full dynamics of the system
with some simple but nontrivial reference dynamics, called the Dollard dy-
namics. The Kulish-Faddeev construction was reformulated and further de-
veloped e.g. in [Pap76, JR76] and more recently in [GP16, KPRS17, HS19].
However, we are not aware of any reference which provides a proof that the
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Kulish-Faddeev method works at least in low orders of perturbation theory.
In fact, up to our knowledge, a mathematically rigorous definition of the scat-
tering matrix in relativistic QED which does not suffer from the ultraviolet
(UV) or IR problem has never been given. In the present paper we attempt
to formulate such a definition using the ideas of Kulish, Faddeev, Dollard
as well as more recent results by Morchio and Strocchi [MS16b, MS16a] ob-
tained in a toy model of QED. Since QED most likely does not make sense
outside perturbation theory [LP55] we formulate our proposal in the pertur-
bative setting. We define our modified scattering matrix with the use of the
adiabatic limit as in the method developed by Bogoliubov. We check the ex-
istence of this limit in low orders of perturbation theory. We stress that QED
is a well-defined model of quantum field theory (QFT) whose perturbative
construction is under full control. What is not understood is the large-time
behavior of its dynamics. Indeed, because of the presence of long-range inter-
actions the dynamics is substantially different from the free dynamics even
long before or after the collision of particles. This leads to difficulties in the
description of scattering processes known as the IR problem. The main model
of our interest is QED. However, we consider also a certain model of inter-
acting scalar fields which we call the scalar model. In principle our method
should be also applicable to other models with long-range interactions in the
four-dimensional Minkowski space which, like QED and the scalar model,
have the interaction vertices containing exactly one massless and two mas-
sive fields.
Our modified scattering matrix corresponds roughly to the following
expression
Smod(formally)= limt1→+∞
t2→−∞
Texp
(
i
∫ t1
0
dtHD(t)
)
e−i(t2−t1)H Texp
(
i
∫ 0
t2
dtHD(t)
)
,
(1.1)
where H is the full Hamiltonian of the system and HD(t) is an appropriately
chosen time-dependent Dollard Hamiltonian which is similar to that used by
Kulish and Faddeev in their formal construction of the scattering matrix in
QED. The above formula makes sense in quantum mechanics where it can
be used to define the scattering matrix for systems of particles influenced by
long-range potentials such as the Coulomb potential [Dol64, DG97]. In order
to give meaning to expression (1.1) in perturbative QFT we use the adiabatic
switching of the interaction as in the Bogoliubov method [BS59]. In the case
of the scalar model our modified scattering matrix with adiabatic cutoff has
the following form
Smod(g) = S
as
out(g)S(g)S
as
in (g). (1.2)
It is defined in the standard Fock space and depends on the switching function
g ∈ S(R4) which is a real-valued smooth function of rapid decay defined in the
Minkowski space. The switching function plays the role of the IR regulator
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and is also called the adiabatic cutoff. The Bogoliubov operator
S(g) := Texp
(
ie
∫
d4x g(x)L(x)
)
,
has the interpretation of the standard scattering operator in an unphysical
theory in which the coupling constant e was replaced with the function eg(x).
The time-ordered exponential appearing in the above formula is by definition
a formal power series in the coupling constant denoted by e whose coefficients
are expressed in terms of the time-ordered products T(L(x1), . . . ,L(xn)) of
the standard interaction vertex L of the considered model. In order to de-
fine the time-ordered products one has to solve the UV problem. This can
be done using the standard techniques. In this paper we take advantage of
the Epstein-Glaser method [EG73, BF00, HW02] which allows to construct
the time-ordered products T(B1(x1), . . . , Bn(xn)) of arbitrary polynomials
B1, . . . , Bn in fields and their derivatives as operator-valued Schwartz dis-
tributions defined in the Fock space. This implies that the Bogoliubov scat-
tering matrix S(g) is a well-defined formal power series whose coefficients
are operators acting in the Fock space. In particular, it is free from UV di-
vergences since the UV problem is completely solved in the construction of
the time-ordered products. The operators Sasout(g) and S
as
in (g) appearing in
definition (1.2) are called the Dollard modifiers and up to the self-energy
renormalization are given by
Sasout/in(g) = Texp
(
−ie
∫
d4x g(x)Lout/in(x)
)
,
where Lout(x) and Lin(x) are the asymptotic outgoing and incoming vertices
and Texp is the anti-time-ordered exponential. The asymptotic vertices de-
scribe the emission or absorption of a photon by an electron or positron whose
momentum is unchanged in this process. They are given by some non-local
functionals of fields which can be expressed in a simple way in terms of the
creation and annihilation operators. There is no UV problem in the defini-
tion of the Dollard modifiers. Hence, it is clear that our modified scattering
matrix with adiabatic cutoff, given by (1.2), is UV finite. The physical mod-
ified scattering matrix Smod is defined as the adiabatic limit of (1.2). More
precisely, we consider the limit
(Ψ|SmodΨ′) := lim
↘0
(Ψ|Smod(g)Ψ), (1.3)
where the one-parameter family of the switching functions g,  ∈ (0, 1), is
defined by setting g(x) = g(x), where g ∈ S(R4) is an arbitrary Schwartz
function such that g(0) = 1. The states Ψ and Ψ′ have wave functions that
vanish when momenta of the electrons or positrons are sufficiently close to
one another. It is expected that the limit (1.3) exists in arbitrary order of
perturbation theory in QED and the scalar model. In the paper we prove this
claim only in the first and the second order of perturbation theory. We also
propose a method of the construction of the interacting fields in the scalar
model and QED.
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Our definition of the modified scattering matrix in perturbative QFT
with the IR problem is quite similar in spirit to the the modified scattering
theory developed in quantum mechanics (see e.g. [DG97]) and follows closely
the strategy of [MS16b, MS16a] developed in a simplified, non-relativistic
model of QED. The form of our modified asymptotic matrix in QED is in-
spired by the proposal of Kulish and Faddeev [KF70] and can be considered
its mathematically meaningful reformulation. Our Dollard modifiers are di-
agonal in the momenta of the electrons and positrons. They are products of
two factors. The first factor is the Weyl operator of the electromagnetic field
which depends on the momenta of the charged particles. It generates clouds
of real photons which are subtracted from the cloud generated in the process
of scattering of the charged particles described by the standard interaction
vertex. In this way we deal with the infinite photon emission. The second
factor, which depends only on the momenta of the electrons and positrons,
cancels in the adiabatic limit the infinite Coulomb phase.
Our modified scattering operator Smod is defined in the standard Fock
space. However, as explained below, the physical interpretation of states in
this space is different than the standard one. The Dollard modifiers in QED
and the scalar model depend on the choice of a function η which we call a
profile. A profile is a real-valued Schwartz function satisfying the following
normalization condition
∫
d4x η(x) = 1. The physical creation and annihila-
tion operators of photons, a∗phys(s, k) and aphys(s, k), s = 1, 2, obtained with
the use of the LSZ limits do not coincide with the standard creation and an-
nihilation operators a∗(s, k) and a(s, k), s = 1, 2, in the Fock space. In fact,
it holds
a#phys(s, k) = a
#(s, k)− eJ#(s, η, v, k) +O(e2),
where
Jµ(s, η, v, k) =
∑
σ=1,2
∫
dµm(p) εµ(s, k)η˜(k)
×
(
pµ
p · k −
vµ
v · k
)
(b∗(σ, p)b(σ, p)− d∗(σ, p)d(σ, p)),
b#(σ, p), d#(σ, p) are the creation and annihilation operators of electrons and
positrons, η˜ is the Fourier transform of the profile and εµ(s, k), s = 1, 2 are
the two physical polarization vectors of photons. Up to possible corrections,
which are at least of order O(e2), the physical and standard creation and
annihilation operators of photons are related by a coherent transformation
which depends on the momenta of electrons and positrons and is not unitarily
implementable in the Fock space. The states in the Fock space containing
electrons or positrons are always dressed in an irremovable cloud of photons
depending on η and v. Different choices of a profile η lead to states which are
related by some unitary transformation. The clouds of photons in the Fock
states obtained by acting on the ground state with the standard electron or
positron creation operators contain only photons with momenta belonging to
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the support of the profile η. Thus, in practical applications it may be useful
to consider profiles whose support in momentum space is contained in some
small neighborhood of the origin.
In the case of QED our construction depends on a fixed four-velocity v.
It holds
lim
R→∞
R2 (Ψ|Fµνret/adv,mod(η, v;Rn)Ψ′)
= −e (Ψ|QΨ′) n
µvν − nνvµ
((n · v)2 − n2)3/2 +O(e
2), (1.4)
where Fµνret/adv,mod(η, v;x) is the modified retarded or advanced electromag-
netic field tensor, n is an arbitrary spatial four-vector and −eQ is the operator
of the electric charge. The limit on the LHS of Eq. (1.4) defines a classical
observable which characterizes the super-selection sector of the theory. It
has the interpretation of the distribution of the asymptotic flux of the elec-
tric field in the spatial directions. The asymptotic flux of the electric field
in these sectors coincide, up to possible terms at least of order O(e2), with
the flux of the Coulomb field of a particle of charge −eQ moving with the
four-velocity v.
The modified scattering matrix Smod and the modified interacting re-
tarded and advanced fields Cmod,ret/adv(h), h ∈ S(R4), are translationally
covariant. More specifically, it holds
Umod(a)SmodUmod(a)
−1 = Smod
and
Umod(a)Cret,mod(h)Umod(a)
−1 = Cadv(ha),
where ha(x) = h(x−a) and Umod(a), a ∈ R4, is a strongly continuous unitary
representation of the group of spacetime translations defined in the Fock
space. In the case of QED the representation Umod(a) acts in the physical
Hilbert space which does not contain the unphysical polarizations of photons.
The representation Umod(a) is not unitarily equivalent to the standard Fock
representation. The joint spectrum of the energy-momentum operators, which
are identified with the generators of Umod(a), contains a unique vacuum state,
one-particle massless states but no one-particle massive states. The lack of
the mass hyperboloid in the spectrum reflects the fact that the electrons and
positrons are infraparticles and are always surrounded by clouds of photons. It
is likely that the modified scattering matrix and the modified interacting fields
in the scalar model are also covariant with respect to Lorentz transformations.
However, in the case of QED Lorentz covariance is expected only in sectors
with zero total electric charge [FMS79a, FMS79b].
The plan of the paper is as follows. In Section 2 we discuss the IR prob-
lem in the perturbative construction of the scattering matrix in QED. In
Section 3 we outline the modified scattering theory. In Section 4 we give a
brief introduction to the Epstein and Glaser approach to perturbative QFT.
In Section 5 we present the definitions of the models which are investigated
in the paper. Sections 6 and 7 contain the main results of this paper. In
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Section 6 we present the construction of the modified scattering matrix and
the modified interacting fields in the scalar model and QED. In Section 7 we
investigate the translational covariance of our construction and give explicit
expressions for the energy-momentum operators. The paper closes with a
summary. Appendix A contains a useful theorem about the value of a distri-
bution at a point defined with the use of the adiabatic limit. In Appendix B
we recall the BCH formula and the Magnus expansion. In Appendix C we
define the long-range tail of a field. In Appendix D we discuss the LSZ limit.
In Appendix E we give explicit expressions for various propagators used in
the paper. In Appendix F we prove the existence of the adiabatic limit of our
modified scattering matrix in the first and the second order of the perturba-
tion theory.
Notation:
• The Minkowski spacetime is identified with R4. It is equipped with the
inner product given by x · y = ηµνxµxν = x0y0 − x1y1 − x2y2 − x3y3.
• The future and past light cones in the Minkowski spacetime are denoted
by V ± = {p ∈ R4 : p2 > 0, ±p0 > 0}, respectively. Their closures are
denoted by V
±
.
• The mass of electrons/positrons is denoted by m. The invariant measure
on the mass hyperboloid Hm := {p ∈ R4 : p2 = m2, p0 ≥ 0} is given by
dµm(p) :=
1
(2pi)3 d
4p θ(p0)δ(p2 −m2) for m ≥ 0. We have H0 = ∂V +.
• The Heaviside theta function is denoted by θ.
• The space of test functions with compact support and Schwartz func-
tions on RN are denoted by C∞c (RN ) and S(RN ), respectively.
• Let t ∈ S ′(RN ) be a Schwartz distribution and g ∈ S(RN ). We use the
notation
∫
dNx t(x)g(x) for the pairing between distributions and test
functions.
• The Fourier transform of the Schwartz distribution t ∈ S ′(RN ) is de-
noted by t˜. For any g ∈ S(RN ) it holds g˜(q) := ∫ dNx exp(iq · x)g(x)
and g(x) =
∫
dNq
(2pi)N
exp(−iq · x)g˜(q).
• The Fock-Hilbert space is denoted by H. The positive-definite inner
product is denoted by 〈·|·〉 and the corresponding norm by ‖ · ‖. The
covariant inner-product in H, which need not be positive definite, is
denoted by (·|·). In the case of models without vector fields the above
inner products coincide.
• We consider various dense domains in the Fock space. The domain D0 is
defined in Section 4.1, the domain DH – in Section 4.4 and the domains
D1, D2 and Dreg – in Section 5.3.
• Let Y1 and Y2 be complex-linear spaces. The space of linear operators
Y1 → Y2 is denoted by L(Y1,Y2). We write L(Y,Y) = L(Y). The space
of complex-valued anti-linear functionals on Y is denoted by Y∗. The
space of sesquilinear forms on Y can be identified with L(Y,Y∗).
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• The ring of formal power series in the coupling constant e with coeffi-
cients in the ring R will be denoted by RJeK. The coefficient of order en
of a formal power series a ∈ RJeK is denoted by a[n].
• A vector v ∈ R4 is called a four-velocity if v2 = 1 and v0 > 0.
• We denote the electric charge by −eQ, where e > 0 is the elementary
charge. The free BRST charge is denoted by QBRST. The free ghost
charge is denoted by Qgh.
2. Infrared problem
The IR problem in QED can be traced back to classical mechanics. Consider a
scattering of a point charged particle in the external Coulomb potential. One
can easily verify that the velocity of the particle acquires specific values at the
future and past infinity. However, the asymptotic values are approached so
slowly that the distance between the particle influenced by the Coulomb po-
tential and a freely moving particle always diverges irrespective of the choice
of the initial position and velocity of the free particle – the trajectory of the
particle moving in the Coulomb potential cannot be asymptotic to a trajec-
tory of any free particle. In the case of quantum-mechanical particle moving
in the Coulomb potential the IR problem manifests itself by the nonexistence
of the standard Møller operators. One defines these operators by comparing
the actual dynamics of the system with the free dynamics. The problem is re-
lated to the fact that the wave-function satisfying the Schro¨dinger equation
with the Coulomb potential approaches at large distances the free-particle
wave-function only up to a logarithmically divergent phase factor [Sch49].
The standard solution proposed by Dollard [DV66] is to introduce some ap-
propriately chosen non-trivial asymptotic dynamics and define the modified
Møller operators. The modified Møller operators are obtained by comparing
the full dynamics of the system with the asymptotic dynamics. The asymp-
totic Hamiltonian defined by Dollard depends only on the momentum of the
particle. Hence, on a heuristic level, the matrix elements of the modified scat-
tering operator between improper states with definite momenta differ only by
a phase from the corresponding ill-defined matrix elements of the standard
scattering operator. This phase is infinite and is usually called the Coulomb
phase. Note that the differential cross section is well-defined since it is ex-
pressed in terms of the square of the absolute value of the above-mentioned
matrix elements.
In the case of perturbative QED already the first order correction to
the standard scattering operator is ill-defined. In the second order even its
matrix elements between regular states are divergent. As in the case of the
quantum-mechanical particle there is a problem with the infinite Coulomb
phase. Another problem is the infinite photon emission. In theories without
massless particles the principle of conservation of energy guarantees that
the number of particles emitted during scattering is always finite. In QED
nothing prohibits a production of infinitely many low-energetic photons. In
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fact, the probability of an emission of a low-energetic photon in a non-trivial
scattering of charged particles is proportional to the inverse of the energy of
the emitted photon. Consequently, the expected number of emitted photons
is generically infinite and the probability of the emission of any finite number
of photons is equal to zero [BN37]. For example, if we assume that the initial
state of the electromagnetic radiation is described by a vector in the standard
Fock representation, then the final state is usually a vector is some non-
Fock coherent representation which depends on the incoming and outgoing
velocities of the charged particles. As a result, even the standard definition
of the differential cross section is not applicable to QED.
Because of the IR problem, one usually avoids the definition of the scat-
tering matrix in QED and computes only the so-called inclusive differential
cross sections [YFS61]. Let us describe how the inclusive differential cross
section for the transition between two improper states with particles of def-
inite momenta and energy above some fixed threshold is computed. In the
first step one has to introduce some IR regularization so that the standard
expression for the scattering matrix makes sense. To this end, one usually
gives photons a positive mass [YFS61], imposes an artificial lower bound
on the momenta of photons [Wei65, Wei95], uses the dimensional regular-
ization [GM73, Sir75] or introduces the adiabatic cutoff [DKS93b, DKS93a].
Next, one computes the standard differential cross sections for the transitions
from the chosen initial state to final states containing the chosen particles
of given momenta and energy above the threshold and an arbitrary number
of soft photons with total energy less than the threshold. In order to get
the inclusive differential cross section with the IR regularization we integrate
the above-mentioned standard cross sections over the momenta of the soft
photons and sum over the number of the soft photons. Finally, the physi-
cal inclusive differential cross section is obtained by removing the infrared
regularization. The threshold on the total energy of the soft photons has to
be kept positive and fixed during this step. The procedure described above
is known to produce finite results in low orders of perturbation theory. It
is expected that the inclusive cross sections are well defined in arbitrary or-
der of perturbation theory. A convincing reasoning indicated that this may
be indeed the case was presented by Yiennie, Fratschi and Suura [YFS61]
and later simplified by Weinberg [Wei65, Wei95]. Unfortunately, so far no
rigorous proof of this statement was given. Since particle detectors always
have a finite sensitivity soft photons with energy below some threshold may
always escape undetected. Consequently, states with different content of soft
photons are difficult to discriminate experimentally and have to be all taken
into account as a possible final states. Thus, the inclusive differential cross
sections correspond to quantities that are usually measured experimentally.
Nevertheless, they do not provide a fully satisfactory description of the scat-
tering processes. First of all, the physical interpretation of the inclusive cross
section is not completely clear since its definition as a sum of the standard
cross sections does not make sense after the removal of the IR regularization.
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Moreover, the inclusive cross sections do not provide a complete information
about the scattering. One can imagine [Her12, Sta81] a scattering process
whose only outcome is a measurable shift of the trajectories of the charged
particles. Such a shift corresponds to the change of the phase of the wave
function and does not give any contribution to the cross section.
Let us briefly describe some more satisfactory attempts to solve the
IR problem in perturbative QED. In the case of models with only massive
particles the matrix elements of the scattering operator can be easily ex-
pressed in terms of the Green functions with the use of the LSZ reduction
formulas [LSZ55]. Unfortunately, this procedure is not applicable to QED. As
shown in [Buc77] the standard LSZ limit of the photon field exists. However,
this is not the case for the Dirac field which has a non-standard asymptotic
behavior. In fact, the Fourier transforms of the perturbative corrections to the
interacting Feynman propagator of the electron are logarithmically divergent
on the mass shell. Moreover, it is expected that the full Feynman propagator
of the electron defined in a non-perturbative way (assuming that QED can
be formulated non-perturbatively) would be less singular on the mass shell
than the free Feynman propagator and, in particular, it would not have a
pole there [Kib68]. For the above reasons, the application of the standard
LSZ formula leads to divergent expressions in perturbation theory whereas
non-perturbatively it is expected to produce vanishing scattering matrix el-
ements. The latter statement is consistent with the fact that the scattering
of charged particles is always accompanied by the infinite photon emission.
The way out is to modify the LSZ reduction formulas by taking into account
the non-standard asymptotic behavior of the Dirac field. One can find in
the literature a number of interesting proposals for the construction of the
asymptotic Dirac field which creates and annihilates the physical electrons
[Zwa75a, Zwa75b, BLM97, Her98, BLM00a, BLM00b, MS16b, Col19]. The
constructions usually involve non-local functionals of interacting fields and it
is not clear how to give them a proper mathematical meaning.
Another strategy is based on the observation that the electromagnetic
radiation emitted by scattered charged particles can be always accommo-
dated in the Hilbert space of some coherent representation of the electro-
magnetic field. As argued by Chung and Kibble [Chu65, Kib68], one can
define a scattering matrix elements between appropriately chosen coherent
states depending on the asymptotic velocities of charged particles. The draw-
back of this approach is an involved definition of the space of physical states
and the fact that the infinite Coulomb phase, which enters the expression for
the scattering matrix elements, if there are two or more charged particles in
the incoming or outgoing states, has to be dropped by hand.
Another approach, which we follow in this paper, was put forward by
Kulish and Faddeev [KF70] and later investigated e.g. in [JR76, Pap76] (see
also [Mur60]). In this approach one attempts to define the modified scatter-
ing matrix in QED by exploiting the Dollard method [Dol64]. The advantage
of this approach is the fact that one takes care of both the infinite Coulomb
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phase and the infinite photon emission. One of the difficulties, which was
overlooked in [KF70], is the fact that in interacting models of relativistic per-
turbative QFT in spacetimes of dimension greater than two it is not possible
to define the interacting part of the Hamiltonian of the system as an opera-
tor acting on a dense domain in the Fock space. Consequently, the standard
expression for the modified scattering matrix, which is valid in quantum me-
chanics, cannot be blindly applied to QED. Some further inconsistencies in
the original Kulish and Faddeev proposal [KF70] have been recently pointed
out by Dybalski [Dyb17]. In the paper we attempt to overcome these difficul-
ties and give a rigorous construction of the scattering matrix in perturbative
QED based on the ideas of Kulish and Faddeev.
We have discussed above different strategies of solving the IR problem
in perturbative QED. Many important results about the IR structure of QED
were derived in the framework of axiomatic QFT. These results rely on the as-
sumption that there exists a non-perturbative version of QED which satisfies
a number of physically motivated conditions. Let us list some of the results ob-
tained in this framework. As shown by Buchholz [Buc86] states with non-zero
electric charge cannot be eingenstates of the mass operator. Consequently,
charged particles such as electrons and positrons are not elementary parti-
cles in the sense of the Wigner definition [Wig39] – they cannot be identified
with vectors in the Hilbert space of some irreducible unitary representation
of the universal cover of the Poincare´ group. For the above reasons charged
particles are usually called in the literature infraparticles [Sch63]. Another
known fact is the abundance of the charge sectors. Using the assumption of
locality one can prove that the tail of the electromagnetic field which decays
in spatial directions like the inverse distance squared is a classical observable
characterizing different possible superselection sectors of the theory. Conse-
quently, the sectors in QED are not fully characterize by their total charge.
In fact, for each given physically attainable value of the total charge there
are uncountably many sectors. The characterization of the space of physical
states in QED was given in [Buc82, BR14, Her98]. A related result obtained
in the axiomatic framework is the proof that the Lorentz transformation can-
not be unitarily implemented in sectors with non-zero total charge [FMS79a,
FMS79b].
Some of the above-mentioned results were confirmed in the simplified
models of QED such as the non-relativistic QED [CFP10, CFP09], the Nelson
model [Fro¨73, Piz05, Dyb12] or the model proposed recently by Morchio and
Strocchi [MS16b]. For a general overview of the IR problem in QED we refer
the reader to [MS86, Str13, Her17, Str17]. A thorough analysis of the IR
problem in classical electrodynamics can be found in [Her95, FST97].
In this section we described the IR problem in the construction of the
scattering matrix in QED. Let us mention that in the case of models of
perturbative QFT without massless fields one can construct the scattering
operator using the Bogoliubov method [EG76]. The matrix elements of this
operator can be obtained with the use of LSZ reduction formulas [LSZ55].
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Finally, we would like to comment that the IR problem in the construction
of the Wightman and Green functions is completely under control even in
models with massless fields such as QED or non-abelian Yang-Mills theories.
Constructions of the Wightman and Green functions which are applicable to a
large class of models, including all models which are renormalizable according
to the standard classification, can be found in [BS75, Low76, BM77a, BM77b,
Ste00, Duc18].
3. Modified scattering theory
The standard scattering theory is not applicable to models with long range
interactions. The source of the problem is the fact that in such models the
actual evolution of the system is usually very different from the free evolution
even long before or after the scattering event. The standard solution, which
was proposed by Dollard [Dol64], is to compare the evolution of the system
with some non-trivial but simple asymptotic evolution. In Section 3.1 we
discuss the method by Dollard using the example of a non-relativistic particle
influenced by the Coulomb potential. In Section 3.2 we consider applications
of the Dollard method in models of QFT. We outline the Kulish-Faddeev
proposal of the construction of the modified scattering matrix in QED.
3.1. Classical and quantum particle in Coulomb potential
Consider a classical particle of mass m moving in the repulsive Coulomb
potential.1 Let ~x, ~p ∈ R3 be its position and momentum. The Hamiltonian of
the system under consideration is given by the following expression
H := Hfr + V (~x), Hfr :=
|~p|2
2m
, V (~x) =
e2
4pi
1
|~x| . (3.1)
We call the position of the particle as a function of time,
R 3 t 7→ ~x(t) ∈ R3,
its trajectory. If the particle is moving in the short range potential V (~x) such
that |V (~x)| < const |~x|−1−δ for some δ > 0, then its trajectory is asymptotic
in the future and in the past to the unique trajectory of the free particle
whose evolution is govern by Hfr, i.e. for some ~xout/in, ~vout/in ∈ R3 it holds
lim
t→±∞ |~x(t)− ~xout/in − ~vout/int| = 0.
One verifies that the trajectory of the particle moving in the Coulomb po-
tential is not asymptotic to any free trajectory either in the future or in the
past. In fact, because of the long-range character of the Coulomb potential
it holds
lim
t→±∞
∣∣~x(t)− ~xout/in(t)∣∣ = 0,
1We consider only the case of the repulsive Coulomb potential in order to avoid minor
complications caused by the presence of the bound states.
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where the asymptotic trajectories are of the form
~xout/in(t) := ~xout/in + ~vout/int− e
2
4pim
~vout/in
|~vout/in|3 log
(
2m|~vout/in|2|t|
)
for some ~xout/in, ~vout/in ∈ R3. We call the evolution of the particle moving
along the above trajectories the asymptotic evolution. It is governed by the
following time-dependent Hamiltonian
HD(t) := Hfr +
e2
4pi
1∣∣∣t ~pm ∣∣∣θ
(
2|~p|2|t|
m
− 1
)
,
which we call the Dollard Hamiltonian. Only the large time behavior of the
Dollard Hamiltonian matters. Because of the presence of the Heaviside theta
function the Dollard Hamiltonian is integrable in time at zero. Note that up
to the Heaviside theta factor it is obtained by replacing the position ~x of the
particle in the expression for full Hamiltonian with t~v, where ~v = ~pm is the
velocity of the particle.
Let us now turn to the scattering in the Coulomb potential in quantum
mechanics. The position and momentum of the particle, ~x and ~p, are now
interpreted as operators defined in the Hilbert space H = L2(R3). The free,
full and Dollard evolutions are by definition the following families of unitary
operators
Ufr(t) := e
−itHfr , U(t) := e−itH , UD(t2, t1) := exp
(
−i
∫ t2
t1
dtHD(t)
)
,
respectively (note that the Dollard Hamiltonians at different times commute).
The standard Møller and scattering operators in quantum mechanics, which
are well-defined in the case of short-range potentials [RS79], are given by
Ωout/in := s-lim
t→±∞U(−t)Ufr(t), S := Ω
∗
outΩin,
respectively, where s-lim is the limit in the strong operator topology in the
Hilbert space. The limits s-limt→±∞ U(−t)Ufr(t) do not exist in the case of
the Coulomb potential. Nevertheless, one can define [Dol64] the so-called
modified Møller and scattering operators which are given by
Ωout/in,mod := s-lim
t→±∞U(−t)UD(t, 0), Smod := Ω
∗
out,modΩin,mod
respectively. They satisfy the following conditions
Ωout/in,modUfr(t) = U(t)Ωout/in,mod, SmodUfr(t) = Ufr(t)Smod. (3.2)
There exists an explicit expression for the modified Møller operators [Dol64]
(Ωout/in,modf)(~x)
=
∫
d3~k
(2pi)3
e
− me2
32pi|~k|Γ
(
1± ime
2
4pi|~k|
)
1F1
(
∓ ime
2
4pi|~k|
, 1,±i|~k||~x| − i~k · ~x
)
f˜(~k)
(3.3)
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which makes sense for f ∈ S(R3). In the above formula 1F1 is the generalized
hypergeometric function and Γ is the Euler gamma function. The modified
Møller operators Ωout/in,mod are unitary and, hence, bounded. Since in the
paper we are concerned with the perturbative definition of the scattering
matrix in QFT let us study the dependence of Ωout/in,mod and Smod on the
coupling parameter e. Using the formula (3.3) one can prove that the function
R 3 e 7→ Ωout/in,modf ∈ L2(R3),
is infinitely differentiable at e = 0 if f ∈ S(R3) and f˜ is supported away
from the origin. Under this assumptions one can expand Ωout/in,modf in the
formal power series in e. In the paper we neglect the problem of convergence
of perturbative expansion. However, let us remark that the above series con-
verges if the support of the function f˜ does not intersect the ball with the
center at the origin and the radius me2/4pi. Indeed, it follows from the fact
that the exponential function and the generalized hypergeometric function
1F1 are entire analytic functions and the power series expansion of Γ(1 + z)
around z = 0 is absolutely convergent for |z| < 1. Let us also observe that
the matrix elements of the modified scattering operator (f |Smodf ′) admit a
formal power series expansion in e if the functions f, f ′ ∈ S(R3) and f˜ , f˜ ′
are supported away from the origin.
The Dollard method of constructing the modified Møller and scattering
operators can be generalized [DG97] to systems consisting of an arbitrary
number of non-relativistic particles interacting via pair potentials which can
be of the long-range type. The techniques developed to describe the scatter-
ing in such systems have non-perturbative character. Generically, the matrix
elements of the modified scattering operator for a system of n particles of
masses m1, . . . ,mn defined using the Dollard method
R 3 e 7→ (f |Smodf ′) ∈ C,
are infinitely differentiable at e = 0 only if f, f ′ ∈ S(R3n) and the supports
of f˜ , f˜ ′ do not intersect the set{
(~p1, . . . , ~pn) ∈ R3n : ∃ i,j
i 6=j
~vij :=
~pi
mi
− ~pj
mj
= 0
}
,
where ~vij are the relative velocities of the particles. For the above reason,
in perturbative QFT we define only the matrix elements of the modified
scattering operator between states describing particles with non-vanishing
relative velocities.
3.2. Applications in models of QFT
The main aim of the present paper is to formulate a mathematically rigor-
ous generalization of the Dollard method which is applicable to models of
perturbative QFT such as QED. The possibility of the application of the
Dollard strategy to QED was investigated for the first time by Kulish and
Faddeev [KF70]. The Kulish-Faddeev approach has been revisited by many
authors (see e.g. [JR76, Pap76, GP16, KPRS17, HS19]) but has not been put
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on firm mathematical ground so far. Let us present the main ideas of Kulish-
Faddeev strategy. The starting point is the following formal expression for
the interacting part of the total Hamiltonian in QED
Hint (formally)=
∫
d3~x :ψ(0, ~x)γµψ(0, ~x): Aµ(0, ~x)
=
∑
σ,σ′=1,2
∫
dµm(p)dµm(p
′)dµ0(k)(
(2pi)3δ(~p+ ~p′ + ~k) v(σ, p)γµu(σ′, p′) d∗(σ, p)b∗(σ′, p′)a∗µ(k)
+ (2pi)3δ(~p− ~p′ + ~k) v(σ, p)γµv(σ′, p′) d∗(σ, p)d(σ′, p′)a∗µ(k)
+(2pi)3δ(−~p+ ~p′ + ~k) u(σ, p)γµu(σ′, p′) b∗(σ, p)b(σ′, p′)a∗µ(k)
+(2pi)3δ(−~p− ~p′ + ~k) u(σ, p)γµv(σ′, p′) b(σ, p)d(σ′, p′)a∗µ(k)
+ h.c.
)
,
(3.4)
where a∗µ(k), aµ(k), b
∗(σ, p), b(σ, p), d∗(σ, p), d(σ, p) are the creation and
annihilation operators of the photons, electrons and positrons, respectively
and u(σ, p), v(σ, p), σ = 1, 2 are the polarization vectors of the electrons and
positrons respectively (see Section 5.2 for more details). The RHS of Eq. (3.4)
does not make sense as an operator. Nevertheless, it can be defined as a form
on some dense domain in the Fock space. The standard scattering matrix in
quantum mechanics is defined by
S = w-lim
t1→−∞
t2→+∞
Ufr(−t2)U(t2 − t1)Ufr(t1),
where w-lim denotes the limit in the weak operator topology of the Hilbert
space, Hfr is the free Hamiltonian, H = Hfr + eHint is the total Hamilton-
ian and Ufr(t) = exp(−itHfr) and U(t) = exp(−itH) are the corresponding
evolution operators. The above expression is not suitable for applications in
perturbation theory. However, it can be formally rewritten in the following
form
S (formally)= w-limt1→−∞
t2→+∞
Texp
(
−ie
∫ t2
t1
dt HIint(t)
)
, (3.5)
where
HIint(t) = Ufr(−t)HintUfr(t) (3.6)
is the interaction part of the total Hamiltonian in the interaction picture
and Texp is the so-called time-ordered exponential. In the case of models
of perturbative QFT in the four-dimensional Minkowski space Eq. (3.5) is
formal since Hint is not defined as an operator. In purely massive models it
it possible to give a meaning to the RHS of this equation between sufficiently
regular states by expressing it in terms of the Green functions with the use
of the LSZ reduction formulas. As was pointed out in Section 2 this approach
does not work in the case of QED. Eq. (3.5) is not a good candidate for a
scattering matrix in QED. Instead, Kulish and Faddeev [KF70] proposed to
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define the modified scattering matrix in QED with the use of the Dollard
method. In the case of quantum mechanics the modified scattering operator
can be obtained using the formula
Smod = w-lim
t1→−∞
t2→+∞
UD(0, t2)U(t2 − t1)UD(t1, 0),
where HD(t) = Hfr + eHD,int(t) is the Dollard Hamiltonian and UD(t2, t1)
is corresponding evolution operator. The RHS of the above equation can be
formally rewritten in the following way
Smod (formally)= w-limt1→−∞
t2→+∞
Texp
(
ie
∫ t2
0
dt HID,int(t)
)
× Texp
(
−ie
∫ t2
t1
dt HIint(t)
)
Texp
(
ie
∫ 0
t1
dt HID,int(t)
)
, (3.7)
where
HID,int(t) = Ufr(−t)HD,int(t)Ufr(t) (3.8)
is the interaction part of the Dollard Hamiltonian in the interaction picture.
In order to find the correct Dollard Hamiltonian Kulish and Faddeev inves-
tigated the large time asymptotic behavior of the interaction part of the full
Hamiltonian in the interaction picture HIint(t) defined by (3.6). The expres-
sion for HIint(t) differs from the RHS of Eq. (3.4) by the presence of the
following time-dependent phase factors under the integral over the momenta
exp
(
±i
√
~p2 + m2 t± i
√
~p′2 + m2 t± i|~k|t
)
,
where the plus signs corresponds to the creation operators and the minus
sings – the annihilation operators. It was argued [KF70, HLM00] that only
terms for which the phases can be stationary are relevant for the asymptotic
behavior of HIint(t). The terms of interest are the second and the third terms
on the RHS of Eq. (3.4) and their hermitian conjugates. The corresponding
phases are stationary only for |~k| = 0. Heuristically, for asymptotic times
HIint(t) should be well approximated by H
I
D,int(t), defined by Eq. (3.8), where
HD,int(t) (formally)=
∫
dµm(p)dµ0(k)
(
pµ
p0
ei
~p·~k
p0
t ρ(p) a∗µ(k) + h.c.
)
. (3.9)
We call the operator
ρ(p) :=
∑
σ=1,2
(b∗(σ, p)b(σ, p)− d∗(σ, p)d(σ, p)). (3.10)
the charge density in the momentum space. It is normalized in such a way
that
Q =
∫
dµm(p) ρ(p) (formally)=
∫
d3~x :ψ(0, ~x)γ0ψ(0, ~x):
is the difference between the number of electrons and positrons. We do not
state precisely in what sense HID,int(t) approximate H
I
int(t) as |t| → ∞. Let us
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only mention that the definition (3.9) is motivated by the following equalities
u(σ, p)γµu(σ′, p+ k) = δσ,σ
′
2pµ +O(|k|)
v(σ, p)γµv(σ′, p+ k) = −δσ,σ′ 2pµ +O(|k|)
and
δ(~p− ~p′ ± ~k) exp
(
±i(√~p2 + m2 −√~p′2 + m2)t± i|~k|t)
(formally)
≈ δ(~p− ~p′) exp
(
±i ~p ·
~k√
~p2 + m2
t± i|~k|t
)
, (3.11)
Note that the phase of the exponential factor on the LHS of Eq. (3.11) is
stationary only if |~k| = 0 and its linear approximation in the variable ~k
coincides with the phase of the exponential factor on the RHS of this equation.
In models of relativistic perturbative QFT in the Minkowski space of
dimension greater than 1 + 1 it is impossible to define the Hamiltonian as
an operator. Consequently, the above formulas for the standard and modified
scattering operators have to be modified appropriately in order to give them a
mathematical meaning. In Section 4.3 we present a rigorous method of defin-
ing the scattering matrix in models of perturbative QFT which was proposed
by Bogolibov [BS59]. Its distinguishing feature is the use of the switching
function vanishing rapidly at infinity in the Minkowski space. The switch-
ing function plays the role of the IR regularization. In order to remove this
regularization the adiabatic limit is taken. In Section 4.4 we summarize the
known results about the existence of this limit in models with massive parti-
cles. As we prove in Section 5.4 the adiabatic limit of the standard Bogoliubov
scattering matrix does not exist in QED and most models with massless par-
ticles. In Section 6 we propose a modification of the Bogoliubov scattering
matrix which bears some resemblance to the formal expression (3.7). In Sec-
tion 6.5 we prove the the adiabatic limit of the modified scattering matrix
with adiabatic cutoff exists in the first and the second order of perturbation
theory.
Let us mention that the ideas of Kulish and Faddeev have been tested in
non-relativistic models of QED which can be defined non-perturbatively. We
would like to point the construction of the one-electron states in the Nelson
model [Piz05] and non-relativistic QED [CFP10, CFP09] and the recent pro-
posal for the LSZ-type formula which in principle can be used to construct
many-electron states [Dyb17]. All of these results can be interpreted as a
rigorous reformulation of the Kulish-Faddeev ideas. Finally, let us mention
a simple model of QED proposed by Morchio and Strocchi for which they
managed to formulate the modified scattering theory [MS16b]. The model
describes the charged particles which interact between themselves via the ex-
ternal pair potential which has the same long range behavior as the Coulomb
potential and are coupled to the quantized electromagnetic field in such a
way that their momentum is unchanged in the process of the emission or ab-
sorption of a photon. The lack of the recoil in the emission or absorption of a
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photon by a charged particle is clearly an unphysical assumption. However,
the model retains some of the IR properties of QED. The modified Møller
and scattering operators in the Morchio Strocchi model were defined with
the use of the adiabatic switching of the interaction. They do not have the
properties (3.2). Instead they satisfy the following covariance conditions
Ωout/in,modUout/in(t) = U(t)Ωout/in,mod, SmodUin(t) = Uout(t)Smod
where t 7→ Uout/in(t) are one-parameter groups of unitary operators which
are uniquely determined in terms of the Dollard dynamics using the proce-
dure developed in [MS16a]. The application of this procedure in the case of
quantum mechanics gives Uout/in(t) = Ufr(t). However, in the case of mod-
els of QFT the one-parameter groups Uout/in(t) usually do not coincide with
the free evolution. In Section 7 we argue that our modified scattering matrix
defined in perturbative QFT also has this property.
4. Outline of Epstein-Glaser approach
In this section we outline a construction of interacting models of perturbative
quantum field theory in the Epstein-Glaser framework. More detailed exposi-
tion can be found in [Du¨t19, EG73, Sch14, Sch16, Duc17]. We treat fields and
their time-ordered products as operator-valued distributions defined on some
domain in the Fock space. In Section 4.3 we recall the Bogoliubov method of
constructing the scattering operator and the interacting fields. In Section 4.4
we give precise definition of the adiabatic limit.
4.1. Wick products
In perturbative QFT the interacting models are built with the use of the free
fields. It is useful to consider first the algebra F of symbolic fields which is by
definition a graded commutative algebra generated by symbols corresponding
to the components of of fields used in the definition of a given model Ai and
their derivatives ∂αAi, where α is a multi-index. To every symbolic field
B ∈ F we associate the Wick polynomial :B(x): which is an operator-valued
Schwartz distribution [WG65, SW00] on a suitable domain D in the Fock
Hilbert space H with the positive-definite inner product 〈·|·〉. By an operator-
valued Schwartz distribution on D we mean a map T : S(RN )→L(D), where
L(D) stands for the space of linear maps D → D, such that for any Ψ,Ψ′ ∈ D
S(RN ) 3 g 7→ 〈Ψ|
∫
dNx g(x)T (x)Ψ′〉 ∈ C (4.1)
is a Schwartz distribution. The space of operator-valued Schwartz distri-
butions on D is denoted by S ′(RN , L(D)). If T (x) ∈ S ′(RN , L(D)) and
T ′(x′) ∈ S ′(RN ′ , L(D)), then T (x)T ′(x′) ∈ S ′(RN+N ′ ,L(D)), by the nuclear
theorem. The vacuum state in the Fock space H is denoted by Ω. We assume
that the Fock space is equipped with a non-degenerate sesquilinear inner
product (·|·) which in general need not be positive definite. The hermitian
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conjugation and the notion of unitarity are defined with respect to this prod-
uct. The unitary representation of the inhomogeneous SL(2,C) group, which
is the covering group of the Poincare´ group, denoted by U(a,Λ), where a ∈ R4
and Λ ∈ SL(2,C) is a Lorentz transformation, is defined in the Fock space in
the standard way. In the case of pure translations we write U(a) ≡ U(a,1).
Considers the following dense domain in the Fock space
D0 := spanC
{∫
d4x1 . . . d
4xn f(x1, . . . , xn)Ai1(x1) . . . Ain(xn)Ω :
n ∈ N0, i1, . . . , in ∈ {1, . . . ,p}, f ∈ S(R4n)
}
. (4.2)
As shown in [WG65] Wick polynomials are are well defined as operator-valued
Schwartz distributions on D0. In fact, the following theorem holds.
Theorem 4.1. [EG73] Let t ∈ S ′(R4n) be translationally invariant, i.e.
t(x1, . . . , xn) = t(x1 + a, . . . , xn + a)
for all a ∈ R4. Then for any B1, . . . , Bn ∈ F
t(x1, . . . , xn) :B1(x1) . . . Bn(xn): ∈ S ′(R4n, L(D0)). (4.3)
4.2. Time ordered products
By definition the time-ordered products are multi-linear maps
T : Fn 3 (B1, . . . , Bn) 7→ T(B1(x1), . . . , Bn(xn)) ∈ S ′(R4n, L(D0)),
where n ∈ N0, satisfying the following axioms:
A.1 T(∅) = 1, T(B(x)) = :B(x):,
T(B1(x1), . . . , Bn(xn), 1(xn+1)) = T(B1(x1), . . . , Bn(xn)),
where 1 on the LHS of the above equality is the unity in F .
A.2 Translational covariance: For any B1, . . . , Bn ∈ F
U(a) T(B1(x1), . . . , Bn(xn))U(a)
−1 = T(B1(x1 + a), . . . , Bn(xn + a)).
A.3 Symmetry: For any B1, . . . , Bn ∈ F it holds
T(B1(x1), . . . , Bn(xn)) = T(Bpi(1)(xpi(1)), . . . , Bpi(n)(xpi(n))),
where pi is any permutation of the set {1, . . . , n}.
A.4 Causality: If none of the points x1, . . . , xm is in the causal past of any
of the points xm+1, . . . , xn then
T(B1(x1), . . . , Bn(xn))
= T(B1(x1), . . . , Bm(xm)) T(Bm+1(xm+1), . . . , Bn(xn)).
A.5 Wick expansion: The product T(B1(x1), . . . , Bn(xn)) is uniquely deter-
mined by the VEVs of the time-ordered products of the sub-polynomials
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of B1, . . . , Bn:
T(B1(x1), . . . , Bn(xn))
=
∑
s1,...,sn
(Ω|T(B(s1)1 (x1), . . . , B(sn)n (xn))Ω)
:As1(x1) . . . A
sn(xn):
s1! . . . sn!
.
For the definition of the sub-polynomial see e.g. [Duc17, Duc18].
A.6 Bound on the Steinmann scaling degree: For B1, . . . , Bn+1 ∈ F it holds
sd( (Ω|T(B1(x1), . . . , Bn(xn), Bn+1(0))Ω) ) ≤
n+1∑
j=1
(dim(Bj) + c),
where sd(·) is the Steinmann scaling degree of a distribution [Ste71,
BF00] and c ∈ {0, 1} is a fixed constant (c = 0 in the case of QED and
c = 1 in the case of the scalar model).
A.7 Unitarity:
T(B1(x1), . . . , Bn(xn))
∗ = T(B∗n(xn), . . . , B
∗
1(x1)).
A.8 Poincare´ covariance:
U(a,Λ) T(B1(x1), . . . , Bn(xn))U(a,Λ)
−1
= T((ρ(Λ)B1)(Λx1 + a), . . . , (ρ(Λ)Bn)(Λxn + a)),
where B1, . . . , Bn ∈ F , ρ is the representation of SL(2,C) acting on F
and U(a,Λ) is the unitary representation of the Poincare´ group on D0.
A.9 Covariance with respect to the discrete group of CPT transformations
(the charge conjugation, the spatial-inversion and the time-reversal).
A.10 Field equations (cf. e.g. the normalization condition N.FE introduced
in Section 4.3 of [Duc18]).
A.11 Ward identities in the case of models with gauge symmetries such as
the Ward identity for the electric current in QED [DF99].
We refer the reader to [EG73, Sch14, BF00, HW02] for the proof that one
can construct the time-ordered products satisfying the above axioms. Let us
mention that the time-ordered products are not defined uniquely. Assuming
that all the time-ordered products with at most n arguments are fixed one
can redefine
(Ω|T(B1(x1), . . . , Bn+1(xn+1))Ω) ∈ S ′(R4(n+1)). (4.4)
by adding to it a distribution of the form∑
γ
|γ|≤ω
cγ∂
γδ(x1 − xn+1) . . . δ(xn − xn+1)
for some constants cγ ∈ C indexed by multi-indices γ, |γ| ≤ ω, where
ω := 4−
n+1∑
j=1
(4− c−dim(Bj)).
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and c is the constant that appears in the axiom A.6. The constants cγ have to
be chosen in such a way that the new set of time-ordered products satisfies
all the axioms. Note that if ω < 0, then (4.4) is determined uniquely if
the time-ordered products with at most n arguments are given. Complete
characterization of the freedom in defining the time-ordered products can be
found in [HW01, Pin01, DF04].
4.3. Scattering matrix and interacting fields with adiabatic cutoff
The standard scattering matrix of a model of perturbative QFT with the
interaction vertex L ∈ F is formally given by the following formula
S = Texp
(
ie
∫
d4xL(x)
)
=
∞∑
n=0
inen
n!
∫
d4x1 . . . d
4xn T(L(x1), . . . ,L(xn)),
which is usually attributed to Dyson [Dys49]. The above expression is ill-
defined because the time-ordered products T(L(x1), . . . ,L(xn)), which are
operator-valued Schwartz distribution, generically cannot be integrated with
constant functions. The Dyson formula does not make mathematical sense
even in purely massive models. In order to obtain a well-defined expression
for the scattering matrix in QFT we follow the idea of Bogoliubov [BS59] and
multiply the interaction term L by the switching function g which is a real-
valued Schwartz function defined on the spacetime. The above prescription
regularizes the theory in the IR regime. We call this type of the IR regu-
larization the adiabatic cutoff. In the theory with adiabatic cutoff there are
no long-range interactions as the strength of the interaction vanishes rapidly
at infinity in all directions in the Minkowski space. The scattering matrix
with adiabatic cutoff, which is also called the Bogoliubov scattering matrix,
is given by [BS59]
S(g) = Texp
(
ie
∫
d4x g(x)L(x)
)
:=
∞∑
n=0
inen
n!
∫
d4x1 . . . d
4xn g(x1) . . . g(xn) T(L(x1), . . . ,L(xn)) ∈ L(D0)JeK.
(4.5)
The above expression is well-defined as a formal power series of operators
mapping the domain D0 into D0. Obviously, the scattering matrix with adia-
batic cutoff S(g) cannot be identified with the physical scattering matrix as it
describes the scattering of particles in an unphysical theory with a spacetime-
dependent coupling constant. The physical scattering operator is obtained by
taking the limit g(x)→ 1 of the operator S(g) in an appropriate sense to be
discussed in Section 4.4. Let us note that because of the IR problem this limit
usually does not exist in models with massless particles such as QED or the
scalar model introduced in Section 5. The nonexistence of the adiabatic limit
of the Bogoliubov scattering matrix in a given model usually implies that the
standard scattering theory is not applicable and other techniques have to be
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developed to describe the scattering of particles in this model. In Section 6
we developed the modified scattering theory for QED and the scalar models.
Bogoliubov proposed also an elegant method of constructing the in-
teracting fields. For any polynomial in the basic fields and their derivatives
C ∈ F one can define the corresponding retarded and advanced interacting
fields which are given by [BS59]
Cret(g;x) = (−i) δ
δh(x)
S(g)−1S(g;h)
∣∣∣∣
h=0
∈ L(D0)JeK,
Cadv(g;x) = (−i) δ
δh(x)
S(g;h)S(g)−1
∣∣∣∣
h=0
∈ L(D0)JeK, (4.6)
where
S(g;h) = Texp
(
ie
∫
d4x g(x)L(x) + i
∫
d4xh(x)C(x)
)
(4.7)
is the so-called extended scattering matrix. If the switching function g has
a compact support then the retarded and advanced fields coincide with the
free field :C(x): outside the past and future of supp g, respectively. If C ∈ F
is a basic field, then the corresponding retarded/advanced field Cret/adv(g;x)
satisfies the interacting equation of motion with the coupling constant e re-
placed with eg(x). For example, in the case of the massless ϕ4 model we
have
xϕret/adv(g;x) +
e
3!
g(x) (ϕ3)ret/adv(g;x) = 0.
Moreover, the interacting fields satisfy the local commutativity condition, i.e.
for any C,C ′ ∈ Fhom it holds [EG73, DF99]
[Cret(g;x), C
′
ret(g;x
′)] = 0, [Cadv(g;x), C ′adv(g;x
′)] = 0,
if x and x′ are spatially separated.
4.4. Adiabatic limit
The Bogoliubov scattering matrix S(g) with adiabatic cutoff has the inter-
pretation of the scattering matrix in the theory with the spacetime dependent
coupling constant eg(x) and is not of physical relevance. On the other hand,
the the retarded and advanced fields Cret/adv(g;h) with adiabatic cutoff can
be used to construct the net of the local algebras of interacting fields. The
algebra Fg(O) of interacting fields localized in the bounded region O of the
Minkowski space is by definition generated by the fields Cret/adv(g;h) with
h ∈ C∞(R4), supph ⊂ O and g ∈ S(R4), g ≡ 1 in some neighborhood of
J+(O) ∩ J−(O). It turns out that the algebras Fg(O) corresponding to dif-
ferent switching functions g fulfilling the above condition are unitarily equiv-
alent. As a result there is a unique abstract algebra F(O) of fields localized
in the region O which does not depend on g. One shows [DF01, FR15] that
F(O) satisfies the Haag-Kastler axioms [Haa12] in the sense of formal power
series.
In order to define the physical scattering operator and and the vacuum
representation of the net F(O) one takes the so-called strong adiabatic limit.
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To this end, one introduces a one-parameter family of the switching functions
g,  ∈ (0, 1), defined by g(x) = g(x), where g ∈ S(R4) is an arbitrary real-
valued Schwartz function such that g(0) = 1. We say that the adiabatic limit
of S(g) or Cret/adv(g;h) exists if the limits
lim
↘0
S(g), lim
↘0
Cret/adv(g;h)
exist in appropriate sense to be specified (see e.g. Eqs. (4.8) and (4.9) or
Eqs. (6.21) and (6.22)) and do not depend on the choice of g used in the
definition of g. The existence of the adiabatic limit of the scattering operator
in massive models was proved in [EG76]. In what follows, we summarize the
main results of [Duc], where the above-mentioned proof was simplified and
generalized.
Consider arbitrary model of perturbative QFT which contains only mas-
sive fields. Let us define the following domain in the Fock space
DH := spanC
{∫
dµm(p1) . . . dµm(pn)h(p1, . . . , pn)
× a∗(p1) . . . a∗(pn)Ω : n ∈ N0, h ∈ SH(H×nm )
}
,
where SH(H×nm ) consists of Ho¨lder-continuous functions which decay rapidly
at infinity. For any Ψ ∈ DH, C ∈ F and h ∈ S(R4) the following limits:
SΨ := lim
↘0
S(g)Ψ ∈ DHJeK, (4.8)
and
Cret/adv(h)Ψ := lim
↘0
Cret/adv(g;h)Ψ ∈ DHJeK (4.9)
exist in each order of perturbation theory and define the physical scat-
tering operator S ∈ L(DH)JeK and the physical interacting field operators
Cret/adv(h) ∈ L(DH)JeK. The above objects are covariant with respect to the
Poincare´ transformations, i.e.
U(a,Λ)SU(a,Λ)−1 =S,
U(a,Λ)Cret/adv(h)U(a,Λ)
−1 =(ρ(Λ−1)C)ret/adv(ha,Λ),
where ha,Λ(x) = h(Λ
−1(x− a)), ρ is the representation of the Lorentz group
acting on F and U(a,Λ) is the standard representation of the Poincare´ group
acting in the Fock space. Moreover, the scattering operator satisfies the fol-
lowing conditions
SΩ = Ω, S|p) = |p)
which express the stability of the vacuum and one-particle states. The in-
teracting field operators fulfill the interacting field equations and the local
commutativity condition. The above method provides a complete and direct
perturbative construction of massive models of QFT in the vacuum represen-
tation in the four-dimensional Minkowski space.
Unfortunately, the above construction does not work in most models
with massless fields because of long-range interactions which prevent the
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existence of the adiabatic limits (4.8) and (4.9). Nevertheless, in the paper,
we suggest that a very similar strategy can be applied to QED and the scalar
model if the Bogoliubov scattering matrix and interacting fields are modified
in an appropriate way. Our modified scattering matrix and interacting fields
with adiabatic cutoff are defined in Sections 6.3 and 6.4. In Sections 6.5
and 6.6 we prove the existence of their adiabatic limits in low orders of the
perturbation theory.
5. Models with infrared problem
In this section we recall basic facts about the perturbative construction of
QED in the BRST framework and give the definition of the scalar model.
We investigate low order corrections to the standard Bogoliubov scattering
operator in these models and prove that the adiabatic limit of this operator
does not exist.
5.1. Scalar model
The scalar model is a model of QFT which we use to study the IR problem
in perturbation theory. As we will see its IR structure is quite similar to that
of QED. Its classical action is given by
S[ϕ,ψ] =
∫
d4x
(
1
2
(∂µψ(x))(∂
µψ(x))− 1
2
m2ψ2(x)
+
1
2
(∂µϕ(x))(∂
µϕ(x)) +
e
2
ψ2(x)ϕ(x)
)
,
where the fields ϕ(x) and ψ(x) are real and scalar and e is the coupling
constant. The field ϕ(x) is massless and the field ψ(x) has mass m. The
Euler-Lagrange equations have the following form
(+ m2)ψ(x) = eψ(x)ϕ(x), ϕ(x) = e
2
ψ2(x).
The perturbative quantization of the model is straightforward. The Hilbert
space is the tensor product of the Fock spaces describing the massless particles
and the particles of mass m,
H = Γs(h0)⊗ Γs(hm).
The scalar products in the one particle Hilbert spaces are given by
(f1|f2) =
∫
dµ0(k) f1(k)f2(k), (f1|f2) =
∫
dµm(p) f1(p)f2(p).
By analogy to QED, the massless particles are called the photons and the
massive particles – the electrons. The creation and annihilation operators of
the photons are denoted by a∗(k), a(k), whereas the creation and annihilation
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operators of the electrons are denoted by b∗(p), b(p). The free quantized fields
are given by
ϕ(x) =
∫
dµ0(k)
(
a∗(k)eik·x + h.c.
)
, ψ(x) =
∫
dµm(p)
(
b∗(p)eip·x + h.c.
)
.
(5.1)
The interaction vertex of the model coincides with L = 12ψ2ϕ = 12Jϕ, where,
by analogy to QED, the scalar quantity J = ψ2 is called the current.
Because the canonical dimension of the interaction vertex is equal to
three the scalar model is super-renormalizable according to the standard
classification. As explained in [Duc17, Duc18] there are, a priori, two pos-
sible choices of the constant c in the the axiom A.6 expressing the upper
bound on the Steinmann scaling degree of the vacuum expectation values of
time-ordered products. In the case of the standard choice c = 0 the scalar
model is super-renormalizable. However, in this case the condition A.6 is
too restrictive. In particular, it does not allow for the construction of the
physical Wightman and Green functions in the model [Duc17, Duc18]. For
this reason, in the case of the scalar model we assume that c = 1 in the
axiom A.6. With this choice of c the scalar model is a renormalizable (not
super-renormalizable) theory. Moreover, as showed in [Duc17, Duc18], under
this condition it is possible to construct the physical Wightman and Green
functions in this model using the weak adiabatic limit.
The standard unitary representation of the Poincare´ group acting on H
is denoted by U(a,Λ). The four-momentum operators are given by
Pµ =
∫
dµ0(k) k
µa∗(k)a(k) +
∫
dµm(p) p
µb∗(p)b(p).
They are generators of spacetime translations U(a,1) ≡ U(a) = exp(iP · a).
5.2. Quantum electrodynamics
The standard classical action of QED has the following form
S[Aµ, ψa, ψa] =
∫
d4x
(
ψ(x)(i /D −m)ψ(x)− 1
4
Fµν(x)F
µν(x)
)
, (5.2)
where Aµ(x) is the electromagnetic potential, Fµν(x) = ∂µAν(x)− ∂νAµ(x)
is the electromagnetic field tensor, Dµ = ∂µ− ieAµ is the covariant derivative
and ψa(x), ψa(x) are Dirac spinor fields. The coupling constant, denoted by
e, coincides with the elementary charge which is equal to minus the charge
of electron. Because of the gauge freedom the Euler-Lagrange equations for
the above action,
Aµ(x)− ∂µ∂νAν(x) = −eψ(x)γµψ(x), (i /D −m)ψ(x) = 0,
do not admit a well-posed initial value formulation. In order to deal with the
this problem one uses the BRST method [BRS75, Tyu75, BRS76] which is
a generalization of the approach developed by Gupta and Bleuler [Gup50,
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Ble50]. To this end, one considers a modified theory with the action
S[Aµ, ψa, ψa, C, C¯] =
∫
d4x
(
ψ(x)(i /D −m)ψ(x)
− 1
2
(∂µAν(x))(∂
µAν(x)) + i(∂µC(x))(∂
µC¯(x))
)
(5.3)
where C and C¯ are the ghost and and anti-ghost fields. The Euler-Lagrange
equations for the above action are of the form
Aµ(x) = −eψ(x)γµψ(x), (i /D−m)ψ(x) = 0, C(x) = 0, C¯(x) = 0.
The above system of partial differential equations is normally-hyperbolic and
has a well-posed initial value formulation. The quantization of the above
model is described in detail e.g. in [Sch14, Sch16]. The free fields are defined
in the Krein-Hilbert-Fock space which is a tensor product of the photon,
electron/positron and ghost Fock spaces
H = Γs(hph)⊗ Γa(hel)⊗ Γa(hgh),
where hph, hel and hgh are the one-photon, one-electron/positron and one-
ghost/anti-ghost Hilbert spaces, respectively. The positive-definite scalar prod-
ucts on hph and hgh are given by
〈f |g〉ph :=
3∑
µ=0
∫
dµ0(k) fµ(k)g
µ(k), 〈f |g〉gh :=
∑
a=1,2
∫
dµ0(k) fa(k)g
a(k),
respectively. The corresponding covariant Krein scalar products are defined
as follows
(f |g)ph := −
∫
dµ0(k) ηµνfµ(k)g
ν(k), (f |g)gh :=
∫
dµ0(k) abfa(k)g
b(k),
where ηµν is the Minkowski metric with the signature (+,−,−,−) and ab is
the anti-symmetric symbol. The Fock space of photons contains all four po-
larizations. The Fock space of electrons is completely standard. In particular,
the positive-definite scalar product defined in this space is covariant. The her-
mitian conjugation of an operator B defined using the positive-definite scalar
product is denoted by B†. On the other hand, the Krein conjugation defined
using the covariant Krein scalar product is denoted by B∗. The creation and
annihilation operators of photons are denoted by aµ(k), a
†
µ(k), µ = 0, 1, 2, 3.
It holds a†µ(k) = a
∗
µ(k) for µ = 1, 2, 3 and a
†
0(k) = −a∗0(k). The creation and
annihilation operators of ghost are denoted by ca(k), c
†
a(k), a = 1, 2. It holds
c†a(k) = abc
∗
b(k). The above creation and annihilation operators satisfy the
following commutation relations
[aµ(f
µ), a∗ν(g
ν)] = (f |g)ph, [ca(fa), c∗b(gb)]+ = (f |g)gh.
The creation and annihilation operators of electrons/positrons are denoted by
b∗(p, σ) = b†(p, σ), b(p, σ), d∗(p, σ) = d†(p, σ), d(p, σ), where σ = 1, 2 corre-
sponds to the two polarization states of electron/positron. The polarization
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vectors are denoted by ua(σ, p), va(σ, p). The free fields are the following
operator-valued Schwartz distributions
Aµ(x) =
∫
dµ0(k)
(
a∗µ(k)e
ik·x + aµ(k)e−ik·x
)
,
ψa(x) =
∑
σ=1,2
∫
dµm(p)
(
b∗(σ, p)ua(σ, p)eip·x + d(σ, p)va(σ, p)e−ip·x
)
,
ψa(x) =
∑
σ=1,2
∫
dµm(p)
(
d∗(σ, p)va(σ, p)eip·x + b(σ, p)ua(σ, p)e−ip·x
)
,
C(x) =
∫
dµ0(k)
(
c∗1(k)e
ik·x + c1(k)e−ik·x
)
,
C¯(x) =
∫
dµ0(k)
(
c∗2(k)e
ik·x + c2(k)e−ik·x
)
.
The interaction vertex of the model under consideration is given by
L = ψγµψAµ = JµAµ, where Jµ = ψγµψ is the spinor current. The definition
of the scattering matrix and the interacting fields with adiabatic cutoff in the
model described by the action (5.3) do not pose any difficulties. However, it
is not obvious how these objects are related to the corresponding objects in
QED which is supposed to be defined by the action (5.2). In order to address
this problem one introduces the free BRST charge
QBRST =
∫
dµ0(k) k
µ(a∗µ(k)c1(k) + aµ(k)c
∗
1(k))
is well defined as an element of L(D0). The covariant inner product is semi-
positive-definite on KerQBRST i.e. if Ψ ∈ KerQBRST, then (Ψ|Ψ) ≥ 0. More-
over, if Ψ ∈ KerQBRST ∩ KerQgh, where Qgh is the ghost number operator,
then the condition (Ψ|Ψ) = 0 implies that Ψ ∈ RanQBRST. We conclude
that the covariant inner product induces a positive-definite inner product on
Dphys0 , where
Dphys0 =
KerQBRST ∩KerQgh
RanQBRST ∩KerQgh .
Let Hphys be the Hilbert space obtained by the completion of the pre-Hilbert
space Dphys0 with the inner product induced from the covariant inner product
(·|·). If an operator B ∈ L(D0) commutes with the free BRST and ghost
charges [QBRST, B] = 0, [Qgh, B] = 0, then it induces a unique operator
[B] ∈ L(Dphys0 ) defined by the equality
[B][Ψ] := [BΨ].
Let εµ(1, k) and εµ(2, k) be the vectors of two arbitrarily chosen physical
polarizations of photons. More specifically, we demand that εµ(1, k), εµ(2, k)
and kµ are linearly independent and
kµε
µ(s, k) = 0, εµ(s, k)ε
µ(s′, k) = −δss′ .
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The operators
a∗(s, k) := εµ(s, k)[a∗µ(k)], a(s, k) := εµ(s, k)[aµ(k)], s = 1, 2,
are the creation and annihilation operators of the physical free photons and
satisfy the standard commutation relations. Abusing the notation we identify
b∗(p, σ) ≡ [b∗(p, σ)] and d∗(p, σ) ≡ [d∗(p, σ)]. The polynomials in the oper-
ators a∗(s, k), b∗(p, σ), d∗(p, σ) smeared with Schwartz functions generate a
dense subspace in the physical Hilbert space when acting on the vacuum Ω.
The standard representation of the Poincare´ group acting in the Krein-
Hilbert-Fock space H is denoted by U(a,Λ). The subgroup of translation
U(a,1) ≡ U(a) is both unitary and Krein-unitary. The generators of trans-
lations are explicitly given by the following formula
Pµ = ηνρ
∫
dµ0(k) k
µa∗ν(k)aρ(k) + 
ab
∫
dµ0(k) k
µc∗a(k)cb(k)
+
∑
σ=1,2
∫
dµm(p) p
µ(b∗(p, σ)b(p, σ) + d∗(p, σ)d(p, σ)).
The subgroup of Lorentz transformation U(Λ) is also Krein-unitary. However,
the operators implementing boosts are unbounded and can be only defined
as elements of L(D0). The above property is related to the fact that boosts
do not preserve the positive-definite inner product. The Poincare´ transforma-
tions U(a,Λ) ∈ L(D0) commute with the free BRST charge. Hence, the rep-
resentation of the Poincare´ group U(a,Λ) induces a representation [U(a,Λ)]
acting in Dphys0 . Since the representation U(a,Λ) is Krein-unitary, the repre-
sentation [U(a,Λ)] is unitary. Hence, the operators [U(a,Λ)] are bounded and
can be extended in a unique way to elements of B(Hphys). The generators of
the subgroup of space-time translations [U(a)] have the following form
[Pµ] =
∑
s=1,2
∫
dµ0(k) k
µa∗(s, k)a(s, k)
+
∑
σ=1,2
∫
dµm(p) p
µ(b∗(p, σ)b(p, σ) + d∗(p, σ)d(p, σ)).
Finally, let us indicate how to obtain the scattering matrix and inter-
acting fields in QED using the corresponding objects in the unphysical model
defined with the use of the action (5.3). Unfortunately, the Bogoliubov scat-
tering matrix does not commute with the free BRST charge. More specifically,
we have
[QBRST, S(g)] = i
d
dλ
Texp
(
ie
∫
d4x (g(x)L(x) + λ(∂µg(x))Lµ(x))
) ∣∣∣∣
λ=0
,
(5.4)
where Lµ = JµC. Eq. (5.4) is valid assuming that the time-ordered products
are defined in such a way that the Ward identity for the electric current
holds [DF99]. Assume, for the sake of argument, that the adiabatic limit of the
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Bogoliubov scattering matrix S(g) and the extended Bogoliubov scattering
matrix
S(g, gµ,) := Texp
(
ie
∫
d4x (g(x)L(x) + gµ,(x)Lµ(x))
)
(5.5)
exists, where g(x) := g(x) and gµ,(x) := gµ(x), g, gµ ∈ S(R4) and
g(0) = 1, gµ(0) = 1. The above assumption is expected to hold e.g. in QED
with massive photons. Note that if gµ(x) = ∂µg(x), then ∂µg(x) = gµ,(x).
Because of the extra factor of  in the last formula the existence of the adi-
abatic limit of S(g, gµ,) together with Eq. (5.5) imply that the adiabatic
limit of S(g) commutes with QBRST and induces the operator in the phys-
ical Hilbert space Hphys. As we show in Section 5.4, the adiabatic limit of
S(g) does not exist in QED. Nevertheless, because of the presence of a de-
rivative of the switching function in the RHS of Eq. (5.4) one says that the
Bogoliubov scattering matrix S(g) is formally gauge invariant [Sch14]. In Sec-
tion 6.4 we define a modified scattering matrix with adiabatic cutoff which
is formally gauge invariant and for which the adiabatic limit is expected to
exist. In this way one can construct the scattering matrix which commutes
with QBRST and induces the physical scattering matrix defined in Hphys.
The retarded or advanced interacting fields with adiabatic cutoff such
as Jµret(g;x) or F
µν
ret (g;x) which correspond to observable quantities in the
classical theory are formally gauge invariant. However, as in the case of the
Bogoliubov scattering matrix the adiabatic limit of Jµret(g;x) or F
µν
ret (g;x)
is in general ill-defined. It was shown in [DF99] that the local algebras gen-
erated by the fields Jµret(g;hµ) and F
µν
ret (g;hµν) with hµ, hµν ∈ C∞(R4),
supphµ, hµν ⊂ O, g ∈ S(R4), g ≡ 1 in some neighborhood of J+(O)∩J−(O),
where O is a bounded region in the Minkowski space, can be represented
on a pre-Hilbert space with a positive-definite inner product. Unsatisfac-
tory feature of this representation is the lack of a translationally-invariant
state which could be identified with the vacuum. In Section 6.4 we suggest
a direct method of constructing the vacuum representation. To this end, we
introduce the modified retarded and advanced fields with adiabatic cutoff
Cret/adv,mod(g;h) which are formally gauge invariant and unitarily related
to the standard retarded and advanced fields Cret/adv(g;h). The adiabatic
limit of the modified interacting fields is expected to exist, commute with
QBRST and induce the physical interacting fields defined in the space Hphys
containing the translationally-invariant state Ω.
5.3. Domains in Fock space
In the perturbation theory the scattering matrix S(g) and the interacting
fields Cret(g;h) are formal power series whose coefficients are unbounded
operators which cannot be defined everywhere. In this section we introduce
domains in the Fock space that we will use in the paper.
For a moment let us restrict attention to the scalar model. We begin by
fixing some terminology. We use the following standard shorthand notation
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for the improper state with n+m particles of definite momenta
|p1, . . . , pn, k1, . . . , km) := b∗(p1) . . . b∗(pn)a∗(k1) . . . a∗(km)Ω,
where Ω is the vacuum state. A state Ψ in the Fock space H of the form
Ψ =
∫
dµm(p1) . . . dµm(pn)dµ0(k1) . . . dµ0(km)
h(p1, . . . , pn, k1, . . . , km) |p1, . . . , pn, k1, . . . , km), (5.6)
where h ∈ L2(H×nm ×H×m0 ,dµ×nm × dµ×m0 ), n,m ∈ N0, is called a state with
definite particle content. The square-integrable function h is called the wave
function of the state Ψ. Without loss of generality we assume that the function
h(p1, . . . , pn, k1, . . . , km) is symmetric under permutations of the momenta
p1, . . . , pn and k1, . . . , km. The domain Dfin ⊂ H by definition consists of
finite linear combinations of states with definite particle content. All the
domains that we will consider are subsets of Dfin. In particular this is true
for the domain D0 defined by (4.2).
The domain Dreg ( D0 consists of linear combinations of states Ψ of
the form (5.6) such that h ∈ C∞c (H×nm × H×m0 ) and the support of h does
not intersect the set
{(p1, . . . , pn, k1, . . . , km) : ∃iki = 0 or ∃i 6=jki = kj or ∃i6=jpi = pj}.
The wave functions h of states belonging to Dreg are smooth compactly sup-
ported functions which vanish when the four-momentum of at least one mass-
less particle is sufficiently close to zero or when the four-momenta of any two
particles are sufficiently close to each other. States belonging to Dreg and
their wave functions are called regular. They do not contain soft photons and
collinear photons or electrons.
The domain D1 consists of linear combinations of states Ψ given by (5.6)
such that
h(p1, . . . , pn, k1, . . . , km) = H(~p1, . . . , ~pn, k
0
1, kˆ1, . . . , k
0
m, kˆm)
for some H ∈ S(R3n× (R×S2)m), where kˆ = ~k/|~k|. By definition, the space
S(R3n× (R×S2)m) consists of smooth functions H ∈ C∞(R3n× (R×S2)m)
such that the Schwartz seminorms of the functions
R3n × Rm 3 (~p1, . . . , ~pn, k01, . . . , k0m) 7→ H(~p1, . . . , ~pn, k01, kˆ1, . . . , k0m, kˆm)
are uniformly bounded for kˆ1, . . . , kˆm ∈ (S2)m. We have D1 ) D0 ) Dreg.
An example of Ψ ∈ D1, Ψ /∈ D0 is Ψ =
∫
dµ0(k)
η˜(k)
p·k |k), where η˜ ∈ S(R4),
η˜(0) = 0 and p ∈ Hm is fixed.
We will also need the domain D2 which consists of those states belonging
to D1 whose wave functions vanish when the momenta of any pair of massive
particles are sufficiently close to each other. More precisely, the domain D2
consists of the states from D1 whose wave functions h are supported away
from
{(p1, . . . , pn, k1, . . . , km) : ∃i 6=jpi = pj}.
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It holds D1 ) D2 ) Dreg. The domains D2 and D0 are not comparable. All
of the above domains are invariant under the action of the standard Fock
representation of the Poincare´ group U(a,Λ) as well as the free BRST charge
QBRST and the free ghost charge Qgh.
Finally, we note that the above definitions of the domains Dreg, D1, D2
can be adapted in a natural way to the case of QED. The distinction between
massive and massless particles in the definitions above remains the same.
However, one has to keep in mind the fact that in QED there are more types
of massless particles (four polarizations of photons and two types of ghosts) as
well as massive particles (two spin polarizations of electrons and positrons).
Moreover, since ghost as well as electrons and positrons are fermions the
wave functions are assumed to be antisymmetric under permutations of the
momenta of these particles.
5.4. Infrared problem in scattering theory
In this section we prove the that the adiabatic limit does not exist in the
standard sense in most models with massless particles including the scalar
model and QED. To this end, we give explicit expressions for some of the first-
and the second-order contributions to the Bogoliubov scattering matrix. We
show that in QED and the scalar model the strong adiabatic limit of the
first-order correction to the scattering matrix,
S[1](g) = i
∫
d4x g(x) T(L(x)) = i
∫
d4x g(x)L(x),
does not exist, i.e. the limit
lim
↘0
S[1](g)Ψ, (5.7)
does not exist if Ψ ∈ D1 contains at least one massive particle. Nevertheless,
the limit
lim
↘0
(Ψ|S[1](g)Ψ′) (5.8)
exists if Ψ,Ψ′ ∈ D1 ⊃ Dreg. However, there are Ψ,Ψ′ ∈ Dreg such that the
limit
lim
↘0
(Ψ|S[2](g)Ψ′)
does not exist, where
S[2](g) = i
2
∫
d4x1d
4x2 g(x1)g(x2) T(L(x1),L(x2)) (5.9)
is the second order correction to the Bogoliubov scattering matrix in QED
or the scalar model.
5.4.1. Problems in first-order of perturbation theory. Let us investigate the
first-order correction to the Bogoliubov S-matrix in the scalar model. All
possible processes contributing in this order are listed in Appendix F.1. In
what follows we consider only the decay of an electron into a photon and an
electron. Let p and k be the momenta of the outgoing electron and photon,
respectively and p′ be the momentum of the incoming electron. All of the
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momenta are assumed to be on-shell. The energy-momentum conservation
p+ k = p′ implies that p · k = 0. Thus, p = p′ and k = 0 which suggest that
the amplitude of the decay should vanish. However, one has to bear in mind
that the energy and momentum are conserved only in the adiabatic limit,
if this limit exists. The amplitude for the decay is clearly non-vanishing if
 > 0. The wave function of the outgoing particles is given explicitly by
F(p, k) = i
∫
dµm(p
′) (p, k|S[1](g)|p′) f(p′) = i
∫
dµm(p
′) g˜(p+k−p′) f(p′),
where f ∈ S(R4) is the wave function of the incoming electron. The expression
for the wave function of the outgoing state can be rewritten in the form
F(p, k) =
∫
d4q
(2pi)3
g(q) θ(k0− q0)δ(2p · (k− q) + (k− q)2) f(p+ k− q).
After using the Dirac delta to perform the integral over q0 we obtain
F(p, k) =
i

∫
d3~q
(2pi)3
1
2Em(~p+ ~k − ~q)
× g˜
(−Em(~p)− |~k|+ Em(~p+ ~k − ~q)

, ~q
)
f(p+ k + q).
Using the above equation we prove that for all h ∈ S(Hm ×H0) it holds
lim
↘0
i

∫
dµm(p)dµ0(k)h(p, k)F(p, k)
= i
∫
dµm(p)dµ0(k)
d3~q
(2pi)3
g˜
(
−|~k|+ ~p
Em(~p)
· (~k − ~q), ~q
)
h(p, 0)f(p)
4E2m(~p)
.
On the other hand,
lim
↘0
∫
dµm(p)dµ0(k) |F(p, k)|2 = lim
↘0
∫
dµ0(k)dµm(p) |F(p, k)|2
=
∫
dµm(p)dµ0(k)
∣∣∣∣∫ d3q(2pi)3 g˜
(
−|~k|+ ~p
Em(~p)
· (~k − ~q), ~q
)∣∣∣∣2 |f(p)|24E2m(~p) .
Since S(Hm×H0) is dense in the Hilbert space L2(Hm×H0,dµm× dµ0) we
obtain
w-lim
↘0
F = 0, and lim
↘0
F does not exist,
where w-lim and lim stand for the weak and strong limits in the topology of
L2(Hm ×H0,dµm × dµ0), respectively. The same result holds in the case of
QED. This proves the non-existence of the strong adiabatic limit (5.7) in the
massless model and QED.
As an aside, let us mention that the strong adiabatic limit (5.7) does
not exist also in the massless ϕ4 theory. Consider the wave function of the
unphysical process of the decay of vacuum into four massless particles
F(k1, k2, k3, k4) = (k1, k2, k3, k4|S[1](g)Ω) = g˜(k1 + k2 + k3 + k4).
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The L2 norm of the above wave function does not depend on  since∫
dµ0(k1) . . . dµ0(k4) |F(k1, k2, k3, k4)|2
=
∫
dµ0(k1) . . . dµ0(k4) |g˜(k1 + k2 + k3 + k4)|2.
As a result, the adiabatic limit of the wave function of the considered process
does not exist in L2(H×40 , µ
×4
0 ).
The strong adiabatic limit (5.7) does not exist also in the scalar Yukawa
model describing the interaction of a massive spinor field ψ with a massless
scalar field ϕ via the vertex L = ψψϕ. Surprisingly, the adiabatic limit of
the first-order correction does exist in the pseudo-scalar Yukawa model with
the interaction vertex L = ψγ5ψϕ which suggest that this model may be IR
finite. Let us also remark that the adiabatic limit in the weaker sense (5.8)
exists in the first order of perturbation theory in all of the above-mentioned
models. However, as we show below this result does not generalize to the
second order.
5.4.2. Problems in higher orders of perturbation theory. Let us consider the
second-order process describing the propagation of an electron in the scalar
model. The relevant Feynman diagram is depicted in Figure 5 in Appendix F.
The wave function of the outgoing electron is given by
F(p) :=
∫
dµm(p
′) (p|S[2](g)|p′) f(p′),
where f ∈ S(Hm) is the wave function of the incoming electron. We have
F(p) = −i
∫
dµm(p
′)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) (2pi)
4δ(p− q1 − q2 − p′)
× Σ((p− q1)2 −m2) f(p′) = −i
∫
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) θ(p
0 − q01 − q02)
× δ((p− q1 − q2)2 −m2) Σ((p− q1)2 −m2) f(p− q1 − q2), (5.10)
where
Σ(p2 −m2) = 1
16pi2
(
1− m
2
p2
)
log
(
1− p
2
m2
− i0
)
+ c1 + c2
(
p2 −m2)
is the second-order correction to the self-energy of the electron in the scalar
model. The computation of the above expression requires the renormaliza-
tion. Consequently, the result is not unique and depends on the choice of
the normalization constants c1, c2 ∈ R. The electron self-energy correction in
the scalar model has a very similar form to the electron self-energy correc-
tion in QED given by expression (F.11). In particular, both corrections are
continuous but not differentiable on the mass shell p2 = m2. Observe that
Im Σ(p2 −m2) = − 1
16pi
θ(p2 −m2)
(
1− m
2
p2
)
.
Infrared problem in perturbative QFT 35
Suppose, for the sake of argument, that the wave function of the incoming
electron f is real-valued. One shows that ReF(p) converges in L
2(Hm,dµm)
both strongly and weakly to
ReF0(p) = − 1
16pi
∫
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) δ(p·(q1+q2)) |p · q1|+ |p · q2|
4m2
f(p),
which depends on the choice of g. As an aside let us mention that, as we
will show in Section F.2.3, the imaginary part of (5.10) converges to zero in
L2(Hm,dµm) if c1 = 0.
Now let us consider the contribution coming from the Møller scattering
in the scalar model. By the Møller scattering we mean the scattering of two
electrons. The relevant Feynman diagrams are depicted in Figure 8: (A), (B)
in Appendix F. Assume that the wave function of the two incoming electrons
f ∈ S(Hm ×Hm) is real-valued and supported outside the set of coinciding
momenta. The wave function of the two outgoing electrons is given by
F(p1, p2) :=
∫
dµm(p
′
1)dµm(p
′
2) (p1, p2|S[2](g)|p′1, p′2) f(p′1, p′2)
= −i
∫
dµm(p
′
1)dµm(p
′
2)
d4k
(2pi)4
g˜(p2−k−p′2)g˜(p1+k−p′1)
1
k2 + i0
f(p′1, p
′
2).
It holds
ReF(p1, p2)
= 2pi
∫
d4q1
(2pi)3
d4q2
(2pi)3
d4k
(2pi)4
g˜(q2)g˜(q1)θ(p
0
1 + k
0− q01)δ((p1 + k− q1)2−m2)
×θ(p02−k0−q02)δ((p2−k−q2)2−m2) δ(k2) f(p1+k−q1, p2−k−q2).
Using the above expression one shows that ReF converges in L
2(H×2m ,dµ
×2
m )
both strongly and weakly to
pi
∫
d4q1
(2pi)3
d4q2
(2pi)3
d4k
(2pi)4
g˜(q2)g˜(q1) δ(k
2) δ(p1 · (k−q1))δ(p2(k+q2))f(p1, p2),
which depends on the choice of g. This means that the adiabatic limit of
ReF does not exist. Moreover, it holds∫
dµm(p1)dµm(p2) |ImF(p1, p2)|2 = O(| log |),
which implies that the imaginary part of the wave function diverges in the
adiabatic limit. Note that after setting  = 0 in the expression for ImF we
obtain formally
1
8
∫
d4k
(2pi)2
1
k2
δ((p1 + p2) · k)δ((p1 − p2) · k − k2) f(p1 + k, p2 − k).
However, the above integral is ill defined. It corresponds formally to the
infinite Coulomb phase.
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We proved that the limit (5.9) does not exist in the scalar model in the
case of the second-order correction to the electron propagator and the Møller
scattering. The same is also true in the case of QED. In general, it is expected
that for Ψ,Ψ′ ∈ Dreg the adiabatic limit
lim
↘0
(Ψ|S[n](g)Ψ′)
of the n-th order correction to the Bogoliubov scattering matrix exists only if
there is no contributing Feynman diagrams with internal photon propagators
joining electron lines with momenta close to the mass shell p2 = m2 [YFS61,
Wei65, Wei95]. This condition is not satisfied e.g. for the ill-defined second
order corrections investigated above. Our modified scattering matrix intro-
duced in the next section is free from the above-mentioned IR problems.
6. Modified S-matrix and modified interacting fields
In this section we propose a mathematically rigorous construction of the mod-
ified scattering matrix in the scalar model and QED. We use the ideas of Dol-
lard [Dol64], Kulish and Faddeev [KF70] and combine them with the method
of the adiabatic switching of the interaction proposed by Bogoliubov [BS59].
Our definitions of the modified scattering matrix and the modified interacting
fields in the scalar model and QED are presented in Sections 6.3 and 6.4, re-
spectively. In the definitions of these objects we use the so-called outgoing and
incoming Dollard modifiers which are defined in terms of the outgoing and
incoming currents, introduced in Section 6.1, and the relativistic Coulomb
phase, introduced in Section 6.2. Our construction is expected to work in
arbitrary order of perturbation theory. However, we check that this is the
case only in low orders of perturbation theory. As stated in Section 6.5 and
proved in Appendix F our modified scattering matrix is well-defined in the
first and the second order of the expansion in the coupling constant. The
explicit expressions for the first order corrections to our modified interacting
fields are given in Section 6.6.
6.1. Asymptotic currents
In this section we define the asymptotic currents which are used in the def-
inition of our modified scattering matrix in the scalar model and QED. We
consider families of asymptotic currents parameterized by profiles.
Definition 6.1. A profile is a real-valued Schwartz function η ∈ S(R4) which
satisfies the following normalization condition
∫
d4x η(x) ≡ η˜(0) = 1.
6.1.1. QED. We first introduce the outgoing, incoming and asymptotic nu-
merical currents
jµout/in(η,mv;x) := v
µ
∫
R
dτ θ(±τ)η (x− τv) , (6.1)
jµas(η,mv;x) := jout(η,mv;x) + jin(η,mv;x) = v
µ
∫
R
dτ η (x− τv) ,
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which depend on a profile η and a four-velocity v and are smooth. The Fourier
transforms of the above currents have the following form
j˜µout/in(η,mv; q) = ±
i vµ η˜(q)
v · q ± i0 , j˜
µ
as(η,mv; q) = v
µ (2pi)δ(v · q)η˜(q).
The outgoing, incoming and asymptotic operator-valued currents are defined
by
Jµout/in/as(η;x) =
∫
dµm(p) j
µ
out/in/as(η, p;x) ρ(p), (6.2)
respectively, where the operator ρ(p) is the charge distribution in momentum
space representation, which is defined by Eq. (3.10). Note that
∂
∂xµ
Jµas(η;x) = 0,
∂
∂xµ
Jµout/in(η;x) = ±η(x).
6.1.2. Scalar model. The functions and operators we introduce are Lorentz
scalars. Nevertheless, by analogy to QED we call them currents. Let us first
define the outgoing, incoming and asymptotic numerical currents
jout/in(η,mv;x) :=
∫
R
dτ θ(±τ)η (x− τv) , (6.3)
jas(η,mv;x) := jout(η,mv;x) + jin(η,mv;x).
The Fourier transforms of the above currents have the following form
j˜out/in(η,mv; q) = ± i η˜(q)
v · q ± i0 , j˜as(η,mv; q). = (2pi)δ(v · q)η˜(q)
The outgoing, incoming and asymptotic operator-valued currents are given
by
Jout/in/as(η;x) :=
1
m
∫
dµm(p) jout/in/as(η, p, x) b
∗(p)b(p), (6.4)
where b#(p) is the creation/annihilation operator of electrons in the scalar
model.
6.1.3. Asymptotic behavior of currents. In this section we show that the
matrix elements of the currents and the asymptotic currents have the same
timelike asymptotic behavior. We consider in detail the case of the scalar
model. The obtained results generalize to QED in a straightforward manner.
Let us recall that by the analogy to QED we call the operator :J(x): = :ψ2(x):
the current in the scalar model. It plays a similar role to the spinor current
:Jµ(x): = :ψ(x)γµψ(x): in QED. Let
|f) =
∫
dµm(p) f(p) b
∗(p)Ω, f ∈ C∞c (Hm),
38 P. Duch
be a state with one electron and let v be a four-velocity. It holds
lim
λ→∞
λ3 (f | :J(λv): |f) = lim
λ→∞
λ3 (f | :ψ2(λv): |f)
= 2m4 lim
λ→∞
λ3
∫
dµ1(v1)dµ1(v2) f(mv1)f(mv2)e
iλm(v1−v2)·v
=
m
2(2pi)3
|f(mv)|2
The last equality follows from the standard result about the asymptotic be-
havior of a solution of the Klein-Gordon equation (see e.g. Appendix 1 to
Section XI.3 in [RS79]). We show that
lim
λ→∞
λ3 (f |Jout(η;λv)|f) = lim
λ→∞
λ3 (f |Jas(η;λv)|f)
= m lim
λ→∞
λ3
∫
dµ1(u) |f(mu)|2jas(η,mu, λv) = m
2(2pi)3
|f(mv)|2
The first of the above equalities follows from the definition of Jas(η;λv) and
Jout(η;λv). In order to prove the second one we first use the following ex-
pression for the asymptotic numerical current
jas(η,mu;λv) =
∫
R
dτ η (λ(v − (v · u)u)− τu)
=
∫
R
dτ η
(
−τ(1 + |~u|2)1/2,−λ(1 + |~u|2)1/2~u− τ~u
)
,
which is valid for any four-velocities v, u such that v = (1,~0). Next we observe
that
mλ3
∫
dµ1(u) |f(mu)|2jas(mu, λv)
=
m
2(2pi)3
∫
dτd3~u
(1 + |~u|2/λ2)1/2
∣∣∣f (m(1 + |~u|2/λ2)1/2,m~u/λ)∣∣∣2
× η
(
−τ(1 + |~u|2/λ2)1/2,−(1 + |~u|2/λ2)1/2~u− τ~u/λ
)
.
The past asymptotic behavior of the currents can be obtained in an analogous
way. Using the above results we get
lim
λ→∞
λ3 (Ψ| :J(±λv): Ψ′) = lim
λ→∞
λ3 (Ψ|Jas(η;±λv)Ψ′)
= lim
λ→∞
λ3 (Ψ|Jout/in(η;±λv)Ψ′),
where the states Ψ,Ψ′ belong to any of the domains considered in this paper.
Analogous identities are also valid for currents in QED.
6.2. Coulomb phase
In this section we investigate the properties of the relativistic Coulomb phase
which will be used in our definition of the modified scattering matrix in the
scalar model and QED. In order to motivate its definition, stated below, let
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us consider the system of non-relativistic quantum-mechanical particles in-
teracting via the Coulomb potential. As showed in [Dol66], one can construct
the modified scattering operator for this systems using the method of the adi-
abatic switching of the interaction. For simplicity, let us assume that there
are only two particles of the same mass m and denote by ~x1, ~x2 and ~p1, ~p2
their position and momenta operators. The modified scattering matrix can
be obtained by the following adiabatic limit
SmodΨ = s-lim
↘0
exp
(
ie2Φ
)
S exp
(
ie2Φ
)
Ψ, (6.5)
where S is the standard scattering matrix for particles interacting via the
time-dependent potential e−|t|V (~x1 − ~x2), where V (~x) is the Coulomb po-
tential (3.1), and
Φ :=
1
4pi
∫ ∞
m
2|~p1−~p2|2
dt
e−|t|
|t| |~p1−~p2|m
(6.6)
is the non-relativistic Coulomb phase with adiabatic cutoff. The modified
scattering operator defined by (6.5) coincides with the one constructed using
the method described in Section 3.1. Note that for non-coinciding momenta
of the particles the Coulomb phase (6.6) equals
1
4pi
m
|~p1 − ~p2| log(1/)
up to a term for which the limit ↘ 0 exists and is finite. The scattering of
two particles interacting via the Coulomb potential in quantum mechanics is
a non-relativistic approximation of the Møller scattering, i.e. the scattering
of two electrons in QED. As we show in Appendix F.2.6 a similar phase,
defined precisely below, appears in QED.
Definition 6.2. Let g ∈ S(R4) be real-valued and p1, p2 ∈ Hm. The outgoing
and incoming relativistic Coulomb phases with adiabatic cutoff g are given by
Φout/in(η, η
′, g, p1, p2) :=∫
d4xd4y g(x)g(y)DD0 (x− y) jout/in(η, p1;x)jout/in(η′, p2; y), (6.7)
where jout/in(η, p1;x), jout/in(η
′, p2; y) are defined by Eq. (6.3) for arbitrary
real-valued functions η, η′ ∈ S(R4).
The phases Φout/in(η, η, g, p1, p2), where η is a profile, will be used
in the definition of the modified scattering matrix in the scalar model. In
the case of QED we will use the phases p1·p2m2 Φout/in(η, η, g, p1, p2). By the
theorem stated below, the later phases are relativistic generalizations of the
non-relativistic Coulomb phase (6.6). Its proof can be found in Appendix G.
Theorem 6.3. Set g(x) := g(x), where g ∈ S(R4) such that g(0) = 1.
(A) Let η, η′ ∈ S(R4). If ∫ d4x η(x) = 0 or ∫ d4x η′(x) = 0, then for v1 6= v2
the pointwise limit
Φout/in(η, η
′,mv1,mv2) := lim
↘0
Φout/in(η, η
′, g,mv1,mv2) (6.8)
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exists. Moreover,
Φout/in(η − ηa, η + ηa,mv1,mv2) = 0, (6.9)
where ηa(x) = η(x − a), a ∈ R4. Let h ∈ S(Hm ×Hm) with support outside
the diagonal. The functions
Hm ×Hm 3 (p1, p2) 7→ h(p1, p2)Φout/in(η, η′, p1, p2) ∈ C
belong to the Schwartz class.
(B) If η and η′ are profiles, then
Φout/in(η, η
′, g, p1, p2)− 1
4pi
(
(p1 · p2)2
m2
− 1
)−1/2
log(1/)
converges as ↘ 0 for p1, p2 ∈ Hm, p1 6= p2.
6.3. Modified S-matrix and modified interacting fields in scalar model
In this section we present our proposal for the definition of the modified
scattering matrix and the modified interacting fields in the scalar model.
We first define the modified scattering matrix and the modified interacting
fields with adiabatic cutoff. The physical modified scattering matrix and the
physical modified interacting fields are obtained with the use of the adiabatic
limit. We expect that the adiabatic limit exists in each order of perturbation
theory in the sense given in Conjecture 6.9, which holds true at least in
low orders of perturbation theory, as stated in Theorem 6.15 and proved in
Appendix 6.5. The proofs of Theorems stated in this section can be found in
Appendix G. We use various domains in the Fock spaces. We recall that the
domain D0 is defined in Section 4.1 and the domains D1 and D2 are defined
in Section 5.3.
As was shown in Section 5.4 the standard scattering matrix is ill defined
in models with the IR problem such as QED or the scalar model. Heuristically,
the reason is the infinite photon emission and the infinite Coulomb phase. We
claim that both these problems can be solved by introducing an appropriate
modification in the Bogoliubov scattering operator. To this end, we define
the so-called Dollard modifiers.
Definition 6.4. The asymptotic, outgoing and incoming vertices in the scalar
model are given by
Las/out/in(η;x) := 1
2
Jas/out/in(η;x)ϕ(x), (6.10)
where η is a profile (cf. Definition 6.1), ϕ(x) is the massless scalar field and
the operator-valued currents Jas/out/in(η;x) are defined by Eqs. (6.4). The
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outgoing and incoming Dollard modifiers are given by
Sasout/in(η, g) := exp
(
−ie
∫
d4x g(x)Lout/in(η;x)
)
× exp
(
−ie
2
8
∫
d4xd4y g(x)g(y)DD0 (x− y) :Jout/in(η;x)Jout/in(η; y):
)
,
(6.11)
where g ∈ S(R4) is the switching function and DD0 is the Dirac propagator.
Definition 6.5. Let g be a switching function and η a profile (cf. Defini-
tion 6.1). The modified scattering operator with adiabatic cutoff in the scalar
model is given by
Smod(η, g) := S
as
out(η, g)S(g)S
as
in (η, g), (6.12)
where S(g) is the standard Bogoliubov scattering operator in the scalar model
given by (4.5) and Sasout/in(η, g) are the Dollard modifiers. The modified ex-
tended scattering operator with adiabatic cutoff is defined by
Smod(η, g;h) := S
as
out(η, g)S(g;h)S
as
in (η, g),
where S(g;h) is the standard extended scattering matrix given by (4.7). The
modified interacting fields with adiabatic cutoff are given by
Cret,mod(η, g;x) := (−i) δ
δh(x)
Smod(η, g)
−1Smod(η, g;h)
∣∣∣∣
h=0
,
Cadv,mod(η, g;x) := (−i) δ
δh(x)
Smod(η, g;h)Smod(η, g)
−1
∣∣∣∣
h=0
.
(6.13)
Theorem 6.6. (A) Expression (6.11) defines a unitary operator Sasout/in(η, g)
in the Fock space H as well as a formal power series Sasout/in(η, g) ∈ L(D)JeK,
where D ∈ {D0,D1,D2}.
(B) Expressions (6.12) and (6.13) define formal power series
Smod(η, g), Cret/adv,mod(η, g;h) ∈ L(D)JeK, (6.14)
where D ∈ {D0,D1}.
(C) Let D ∈ {D0,D1}. The equation
S
[n]
mod(g) =
∫
d4q1
(2pi)4
. . .
d4qn
(2pi)4
g˜(−q1) . . . g˜(−qn)S[n]mod(η, q1, . . . , qn), (6.15)
which holds for every g ∈ S(R4), defines the unique symmetrical Schwartz dis-
tribution S
[n]
mod(η, q1, . . . , qn) ∈ S ′(R4n, L(D)). One defines analogously sym-
metrical Schwartz distributions C
[n]
ret/adv,mod(η, q1, . . . , qn;h) ∈ S ′(R4n, L(D)).
Note that (6.14) does not hold for D = D2. Indeed, the scattering opera-
tor or interacting fields acting on a state described by the wave function with
disjoint momenta of the massive particles need not produce a state of this
type. We use the same symbols Sasout/in(η, g) to denote the unitary operator
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in L(H) and the formal power series in L(D)JeK. The meaning of the symbol
should clear from the context. Note that it holds
[Lout/in(η;x),Lout/in(η; y)] = − i
4
D0(x− y) Jout/in(η;x)Jout/in(η; y),
[[Lout/in(η;x),Lout/in(η; y)],Lout/in(η; z)] = 0.
where D0 is the commutator function. Consequently, by the formula (B.2),
known as the Magnus expansion, the Dollard modifiers are closely related to
the following anti-time-ordered exponentials
Texp
(
−ie
∫
d4x g(x)Lout/in(η;x)
)
.
Our Dollard modifiers differ from the above expression only due to the
normal-ordering of asymptotic currents in the second line of (6.11). The
normal-ordering can be considered a renormalization of the self-energy of
electron and is needed for the existence of the adiabatic limit of our modified
scattering matrix (cf. Appendix F.2.3).
Let us state some of the properties of the Dollard modifiers. First note
that
Sasout/in(η, g)Ψ = Ψ, (S
as
out/in(η, g))
−1Ψ = Ψ
whenever the state Ψ does not contain massive particles. The above identities
follow immediately from the fact that Jout/in(η;x)Ψ vanishes for states Ψ of
the above form. Moreover, it holds
Sasout/in(η, g) |p1, . . . , pn, k1, . . . , km) =
n∏
k=1
Wout/in(η, g, pk)
×
n∏
k,l=1
k 6=l
exp
(
−ie
2
8
Φout/in(η, η, g, pk, pl)
)
|p1, . . . , pn, k1, . . . , km),
where
Wout/in(η, g, p) := exp
(
−ie
2
∫
d4x g(x)jout/in(η, p;x)ϕ(x)
)
,
the numerical currents jout/in(η, p;x) are defined by Eq. (6.3) and the func-
tions Φout/in(η, η, g, pk, pl) are the relativistic Coulomb phases given by (6.7).
The operators Wout/in(η, g, p) are responsible for the generation of clouds
of coherent photons which surround massive particles. In the adiabatic limit
these operators effectively remove the long-range tail of the modified retarded
massless field ϕret,mod(x) and make possible a definition of the scalar model
in the vacuum sector. For any p ∈ Hm and  > 0 the vector Wout/in(η, g, p)Ω
is a coherent state in the Fock space. The expected number of photons in
the state Wout/in(η, g, p)Ω diverges in the limit ↘ 0 and, in fact, this limit
does not exist in the Fock space.
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Regarding our modified interacting fields with adiabatic cutoff, observe
that it holds
Cret,mod(η, g;h) = S
as
in (η, g)
−1Cret(η, g;h)Sasin (η, g),
Cadv,mod(η, g;h) = S
as
out(η, g)Cadv(η, g;h)S
as
out(η, g)
−1.
(6.16)
Thus, the modified interacting fields with adiabatic cutoff are unitarily re-
lated to the standard interacting fields given by the Bogoliubov formula (4.6).
Using the fact that Sasout/in(η, g)Ω = Ω and (S
as
out/in(η, g))
−1Ω = Ω we obtain
that the vacuum expectation values of a product of the modified interact-
ing fields coincides with the vacuum expectation values of the corresponding
product of the standard interacting fields. The same is true for advanced
fields. Consequently, the Wightman and Green functions of the modified re-
tarded or advanced fields exist and coincide with the standard Wightman
and Green functions in the scalar model which can be defined with the use
of the weak adiabatic limit [Duc18].
The physical modified scattering matrix Smod(η) and the physical mod-
ified interacting fields Cret/adv,mod(η;h) are obtained by taking the adiabatic
limit of the corresponding objects with adiabatic cutoff and depend on the
profile η characterizing the cloud of photons surrounding electrons. There is
no distinguished choice of η. In order to find the relation between the phys-
ical modified scattering matrix and the physical modified interacting fields
constructed with the use of different profiles we introduce a family of unitary
operators which we call the intertwining operators.
Definition 6.7. Let η, η′ be profiles. The intertwining operators are given by
Vout/in(η
′, η) := V (η′, η) exp
(
±i e
2
8m2
Φout/in(η − η′, η + η′)
)
, (6.17)
where
V (η′, η) := exp
(
e
∫
dµm(p)dµ0(k)
[
η˜′(k)− η˜(k)
2p · k a
∗(k) − h.c.
]
b∗(p)b(p)
)
exp
(
e2
∫
dµm(p1)dµm(p2)dµ0(k)
η˜′(k)η˜(k)− c.c.
8(p1 · k)(p2 · k) b
∗(p1)b(p1)b∗(p2)b(p2)
)
(6.18)
and
Φout/in(η − η′, η + η′)
:=
∫
dµm(p1)dµm(p2) Φout/in(η − η′, η + η′, p1, p2) b∗(p1)b∗(p2)b(p1)b(p2),
where Φout/in(η − η′, η + η′, p1, p2) is defined by Eq. (6.8).
Theorem 6.8. For any profiles η, η′ expression (6.17) defines a unitary opera-
tor Vout/in(η
′, η) ∈ B(H) and a formal power series Vout/in(η′, η) ∈ L(D2)JeK.
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For any profiles η, η′, η′′ it holds
Vout/in(η, η) = 1, Vout/in(η, η
′)Vout/in(η′, η′′) = Vout/in(η, η′′),
Vout/in(η, η
′)∗ = Vout/in(η, η′)−1 = Vout/in(η′, η)
(6.19)
and for all Ψ ∈ D2 it holds
Vout(η
′, η)Ψ = lim
↘0
Sasout(η
′, g)Sasout(η, g)
−1Ψ,
Vin(η
′, η)Ψ = lim
↘0
Sasin (η
′, g)−1Sasin (η, g)Ψ.
(6.20)
The above identities hold true if the intertwining operators Vout/in(η
′, η) are
understood as elements of B(H) or L(D2)JeK.
Our modified scattering matrix and interacting fields in the scalar model
are defined as stated below.
Conjecture 6.9. There exists a renormalization scheme for time-ordered prod-
ucts such that for any profile η, all polynomials in fields and their derivatives
C ∈ F and all Ψ,Ψ′ ∈ D2:
(i) the adiabatic limit
(Ψ|Smod(η)Ψ′) := lim
↘0
(Ψ|Smod(η, g)Ψ′) (6.21)
exists in the sense of CJeK and defines the physical scattering matrix
Smod(η) ∈ L(D2,D∗2)JeK,
(ii) for every h ∈ S(R4) the adiabatic limits
(Ψ|Cret/adv,mod(η;h)Ψ′) := lim
↘0
(Ψ|Cret/adv,mod(η, g;h)Ψ′) (6.22)
exist in the sense of S ′(R4)JeK and define the physical interacting fields
Cret/adv,mod(η;x) ∈ S ′(R4, L(D2,D∗2))JeK.
If η, η′ are two profiles, then it holds
Smod(η
′) = Vout(η′, η)Smod(η)Vin(η, η′),
Cret/adv,mod(η
′;x) = Vin/out(η′, η)Cret/adv,mod(η;x)Vin/out(η, η′).
(6.23)
Let us make some comments about the above conjecture.
(1) By Theorem 6.15 the statements in the above conjecture concerning the
modified scattering matrix hold true at least in the first and the second
order of perturbation theory.
(2) By Theorem 6.16 the part of the above conjecture concerning the modi-
fied interacting fields holds for the first-order corrections to ψ and ϕ.
(3) Our modified scattering matrix resembles the formal scattering matrix
proposed by Kulish and Faddeev [KF70]. In order to avoid UV and
IR divergences which spoil their construction we use a smooth profile
η ∈ S(R4), which is kept fixed, and introduce adiabatic cutoff g, which
is subsequently removed by taking the adiabatic limit. Our modified scat-
tering matrix is defined in the standard Fock space. However, as we argue
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in Section 6.6 the physical interpretation of states in this space is non-
standard and depends on the choice of the profile η.
(4) The above conjecture implies a factorization of the IR divergences of the
standard scattering matrix
S(g) = S
as
out(η, g)
−1Smod(η, g)Sasin (η, g)
−1.
Our modified scattering matrix Smod is the IR finite part of the standard
scattering matrix which is obtained by factoring out the first and the
third factors above and taking the adiabatic limit. The factorization of
the IR divergences in the expression for the standard scattering matrix
in models such as QED is a common wisdom. Strong arguments for such
factorization in QED were given in [YFS61] and [Wei65] where this prop-
erty was used to argue that the differential inclusive cross sections are
finite in each order of perturbation theory.
(5) Our physical modified scattering matrix Smod(η) and interacting fields
Cret/adv,mod(η;h) are defined as formal power series whose coefficients
are forms on D2. It would be preferable to have these objects defined as
operators on some invariant dense domain in the Fock space. However,
because of the collinear divergences the limit Ψ′ = lim↘0 S
[j]
mod(η, g)Ψ
generically does not exist in the Fock space even if the state Ψ is very reg-
ular. The wave function of the state Ψ′ is singular if the momenta of some
of the outgoing massive particles coincide. High-order corrections are not
square-integrable and cannot be interpreted as vectors in the Fock space.
It was argued in Section 3.1 that the collinear singularities occur also
in the perturbative description of scattering of non-relativistic quantum-
mechanical particles interacting via the Coulomb potential. These singu-
larities are feature of the perturbative expansion and are absent in the
non-perturbative formulation, which is possible in quantum mechanics.
(6) Our modified interacting fields satisfy the interacting field equations of
the scalar model
(+ m2)ψret/adv,mod(η;x) = e (ϕψ)ret/adv,mod(η;x)
ϕret/adv,mod(η;x) =
e
2
(ψ2)ret/adv,mod(η;x)
The above statement follows immediately from Eq. (6.16) and the fact
that the standard retarded and advanced fields given by the Bogoliubov
formula (4.6) satisfy the above equations with the coupling constant e
replaced by eg(x).
6.4. Modified S-matrix and modified interacting fields in QED
In this section we adapt the method of the construction of the modified
scattering matrix and interacting fields presented in the previous section to
the case of QED. In sectors with zero total electric charge the expressions for
the modified scattering matrix and the modified interacting fields in QED
are very similar to the expressions used in the scalar model. In the case of
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sectors with non-zero total charge we introduce another modification in order
to preserve gauge invariance.
Definition 6.10. The asymptotic, outgoing and incoming vertices in QED are
given by
Las/out/in(η;x) := Jµas/out/in(η;x)Aµ(x), (6.24)
where η is a profile in the sense of Definition 6.1, the asymptotic current oper-
ators Jµas/out/in(η;x) are defined by Eq. (6.2) and Aµ(x) is the massless vector
field. The outgoing and incoming Dollard modifiers with adiabatic cutoff are
given by
Sasout/in(η, g) := exp
(
−ie
∫
d4x g(x)Lout/in(η;x)
)
× exp
(
i
e2
2
∫
d4xd4y g(x)g(y)gµνD
D
0 (x− y) :Jµout/in(η;x)Jνout/in(η; y):
)
,
(6.25)
where g ∈ S(R4) is the switching function and DD0 is the Dirac propagator.
The expression (6.25) is well defined in the sense of Theorem 6.6. For
the physical interpretation of the modifiers and some additional properties
see the comments in the previous section.
Now, we could proceed as in the case of the scalar model and define the
modified scattering matrix with adiabatic cutoff by
Sasout(η, g)S(g)S
as
in (η, g),
where S(g) is the standard Bogoliubov scattering matrix in QED. For all
Ψ,Ψ′ ∈ D2 the adiabatic limit
lim
↘0
(Ψ|Sasout(η, g)S(g)Sasin (η, g)Ψ′)
exists at least in the first and second order of perturbation theory. However,
the scattering matrix defined in the above way cannot be identified with
the physical scattering matrix because, in general, it is not gauge invariant.
Note that our Dollard modifiers are formally gauge-invariant in the sense
described in Section 5.2 only in sectors with zero electric charge Q. Indeed a
simple calculation shows that
[QBRST, S
as
out/in(η, g)]
=
(
ie
∫
d4x
[
(∂µg(x))J
µ
out/in(η;x)± g(x)η(x)Q
]
C(x)
)
Sasout/in(η, g),
The second term on the RHS of the above equation spoils the formal gauge
invariance. Let us recall that the standard Bogoliubov scattering matrix is
formally gauge invariant in all sectors but its adiabatic limit does not exist.
The fact that the Dollard modifiers are not formally gauge-invariant is a
consequence of the fact that the outgoing and incoming currents Jµout/in(η;x)
are not conserved.
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Before we state the correct definition of the modified scattering matrix
let us point another reason why the the method advocated in the case of
the scalar model cannot be copied straightforwardly to QED. Consider the
modified retarded electromagnetic field Fµν defined with the use of Eq. (6.13).
Its matrix element between states Ψ,Ψ′ ∈ D2 is given by
lim
↘0
(Ψ|Sasin (η, g)−1Fµνret (g;x)Sasin (η, g)Ψ), (6.26)
where Fµνret (g;x) is the standard retarded operator given by (4.6). The above
adiabatic limit is expected to exist in all orders of perturbation theory. How-
ever, the electromagnetic field given by (6.26) has no long-range tail that
decays like 1|~x|2 in the spatial directions in the sense of Definition C.1. This
property can be easily shown at least in low orders of perturbation theory
using the technique described in Section 6.6.2. It implies that the total flux
of the electric field through a sphere at spatial infinity is zero even in the
states with non-zero electric charge in contradiction with the Gauss law. The
Dollard modifiers (6.25) are chosen in such a way that they cancel completely
the long range tail of the electromagnetic field. Note that the complete can-
cellation of the long-range tail is only possible in the unphysical model with
four polarization of photons which is used in the BRST construction of QED.
In order to address the above problems we introduce the operator
R(η, v, g) := exp
(
ie
∫
d4x g(x)Lsector(η, v;x)
)
,
where
Lsector(η, v;x) := jµin(η,mv;x)QAµ(x), (6.27)
jµin(η,mv;x) is the numerical current given by (6.1), v is an arbitrary fixed
four-velocity and Q is the electric charge. Note that the operator R(η, v, g) is
well defined in the sense of Theorem 6.6. It acts trivially on states with zero
electric charge. Moreover, one easily verifies that the operators
R(η, v, g)Sasout(η, g), S
as
in (η, g)R(η, v, g)
−1
are formally gauge invariant. In our definition of the modified scattering
matrix and the modified interacting fields with adiabatic cutoff the operator
R(η, v, g) is used to implement a coherent transformation to sectors with
the long-range tail of the electromagnetic field which satisfies the Gauss law.
Moreover, because of the presence of the operator R(η, v, g) our modified
scattering matrix and modified interacting fields with adiabatic cutoff are
formally gauge invariant. As we will see in Section 6.6.2 different choices
of the four-velocity v lead to the definition of the theory in different charge
sectors. In this paper for simplicity we restrict attention to the class of super-
selection sectors in which the flux of the electric field is independent of the
spatial direction in the reference frame of some observer whose four-velocities
coincides with v. One could consider other sectors by using a different current
in the definition of the operator (6.27).
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Definition 6.11. The modified scattering operator with adiabatic cutoff is by
definition the following expression
Smod(η, v, g) := R(η, v, g)S
as
out(η, g)S(g)S
as
in (η, g)R(η, v, g)
−1,
where S(g) is the standard Bogoliubov scattering operator in QED given
by (4.5). The modified extended scattering operator with adiabatic cutoff is
defined by a similar expression
Smod(η, g;h) := R(η, v, g)S
as
out(η, g)S(g;h)S
as
in (η, g)R(η, v, g)
−1,
where S(g;h) is the standard extended scattering matrix given by (4.7). The
modified interacting fields with adiabatic cutoff are given by
Cadv,mod(η, v, g;x) := (−i) δ
δh(x)
Smod(η, v, g;h)Smod(η, v, g)
−1
∣∣∣∣
h=0
,
Cret,mod(η, v, g;x) := (−i) δ
δh(x)
Smod(η, v, g)
−1Smod(η, v, g;h)
∣∣∣∣
h=0
.
The modified scattering matrix and the modified interacting fields with
adiabatic cutoff satisfy an analog of Theorem 6.6. By the construction, the
Wightman and Green functions of the modified interacting fields coincide
with the standard Wightman and Green fucntions [BS75, Low76, BM77a,
BM77b, Ste00, Duc18].
Definition 6.12. The intertwining operators are given by
Vout/in(η
′, η, v) := exp
(
e
∫
dµm(p)dµ0(k)
[
vµ(η′, η, p, k)a∗µ(k)− h.c.
]
ρ(p)
)
× exp
(
−e
2
2
∫
dµm(p1)dµm(p2) v(η
′, η, p1, p2) ρ(p1)ρ(p2)
)
×exp
(
i
e2
2
∫
dµm(p1)dµm(p2)
p1 ·p2
m2
Φout/in(η
′ − η, η′ + η, p1, p2) :ρ(p1)ρ(p2):
)
,
(6.28)
where
vµ(η′, η, p, k) =
(
pµ
p · k −
vµ
v · k
)
(η˜′(k)− η˜(k)),
v(η′, η, p1, p2) =
∫
dµ0(k)
(
p1
p1 · k −
v
v · k
)
·
(
p2
p2 · k −
v
v · k
)
× (η˜′(k)η˜(−k)− η˜′(−k)η˜(k))
and Φout/in(η
′ − η, η′ + η, p1, p2) and ρ(p) are defined by (6.8) and (3.10).
Theorem 6.13. For every profiles η, η′ and an arbitrary fixed four-velocity v
the expression (6.28) defines unitary operators Vout/in(η
′, η, v) ∈ B(H) as well
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as formal power series Vout/in(η
′, η, v) ∈ L(D2)JeK. For every profiles η, η′, η′′
and an arbitrary fixed four-velocity v it holds
Vout/in(η, η, v) = 1, Vout/in(η, η
′, v)Vout/in(η′, η′′, v) = Vout/in(η, η′′, v),
Vout/in(η, η
′, v)∗ = Vout/in(η, η′, v)−1 = Vout/in(η′, η, v)
and for all Ψ ∈ D2 it holds
Vout(η
′, η, v)Ψ = lim
↘0
R(η′, v, g)Sasout(η
′, g)Sasout(η, g)
−1R(η, v, g)−1Ψ,
Vin(η
′, η, v)Ψ = lim
↘0
R(η′, v, g)−1Sasin (η
′, g)−1Sasin (η, g)R(η, v, g)Ψ.
Moreover, we have
[QBRST, Vout/in(η
′, η, v)] = 0.
The above identities hold true if the intertwining operators Vout/in(η
′, η, v)
are understood as elements of B(H) or L(D2)JeK. In sectors with zero total
electric charge Vout/in(η, η
′, v) does not depend on the choice of the four-
velocity v. Let v and v′ be four-velocities. The limits
lim
↘0
R(η′, v′, g)Sasout(η
′, g)Sasout(η, g)
−1R(η, v, g)−1Ψ,
lim
↘0
R(η′, v′, g)−1Sasin (η
′, g)−1Sasin (η, g)R(η, v, g)Ψ
exist iff v′ = v and the equality
Vout/in(η
′, η, v) = Vout/in(η′, η, v′)
holds in sectors with non-zero total electric charge iff v′ = v.
The proof of the above theorem is similar to the proof of Theorem 6.8
and is omitted. Our modified scattering matrix and interacting fields in QED
are defined as stated below.
Conjecture 6.14. There exists a renormalization scheme for time-ordered
products such that for any profile η, any four-velocity v, any observable field
C ∈ {Fµν , jµ} and all Ψ,Ψ′ ∈ D2:
(i) the adiabatic limit
(Ψ|Smod(η, v)Ψ′) := lim
↘0
(Ψ|Smod(η, v, g)Ψ′)
exists in the sense of CJeK and defines the form
Smod(η, v) ∈ L(D2,D∗2)JeK,
(ii) for every h ∈ S(R4) the adiabatic limits
(Ψ|Cret/adv,mod(η, v;h)Ψ′) := lim
↘0
(Ψ|Cret/adv,mod(η, v, g;h)Ψ′)
exist in the sense of S ′(R4)JeK and define the forms
Cret/adv,mod(η, v;x) ∈ S ′(R4, L(D2,D∗2))JeK.
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If η, η′ are two profiles, then it holds
Smod(η
′, v) = Vout(η′, η, v)Smod(η, v)Vin(η, η′, v),
Cret/adv,mod(η
′, v;h) = Vin/out(η′, η, v)Cret/adv,mod(η, v;h)Vin/out(η, η′, v).
The forms Smod(η, v), Cret/adv,mod(η, v;h) commute with the BRST charge
QBRST and, consequently, induce unique forms
[Smod(η, v)], [Cret/adv,mod(η, v;h)] ∈ L(Dphys2 ,Dphys2
∗
)JeK,
which are identified with the physical scattering matrix and the physical in-
teracting field.
Let us make some comments about the above conjecture.
(1) By the Theorem 6.15 stated in the next section the part of the above
conjecture concerning the modified scattering matrix is true at least in
the first and second order of the perturbation theory.
(2) By theorem 6.16 the part of the above conjecture concerning the modified
interacting fields holds for the first-order corrections to Fµν and j
µ.
The comments (3)-(6) made below Conjecture 6.9 are also relevant here.
6.5. First- and second-order corrections to modified S-matrix
In this section we state the theorem that implies the existence of the first and
the second order corrections to the modified scattering matrix as operators
from D1 to H. This, in particular, implies the validity of Conjectures 6.9
and 6.14 in the first and the second-order of perturbation theory. The proof
of the following theorem is contained in Appendix F.
Theorem 6.15. Let Ψ ∈ D1 and η be a profile.
(A) It holds
lim
↘0
‖S[1]mod(η, g)Ψ‖ = 0.
(B) It is possible to normalize the time-ordered products such that there exists
S
[2]
mod(η) ∈ L(D1,H) and
lim
↘0
‖(S[2]mod(η, g)− S[2]mod(η))Ψ‖ = 0.
In the case of the scalar model the time-ordered products have to be normalized
such that
t˜VB(q) = O(|q|5), t˜VP(q) = O(|q|3), t˜SE(q) = 0 for q2 = m2,
where
tVB(x) := (Ω|T(L(x),L(0))Ω),
tVP(x) := (Ω|T(ψ2(x), ψ2(0))Ω),
tSE(x) := (Ω|T(ψϕ(x), ψϕ(0))Ω).
In the case of QED the time-ordered products have to be normalized such that
t˜VB(q) = O(|q|5), t˜µνVP(q) = O(|q|3), t˜abSE(q) = 0 for q2 = m2,
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where
tVB(x) := (Ω|T(L(x),L(0))Ω),
tµνVP(x) := (Ω|T(jµ(x), jν(0))Ω),
tabSE(x) := (Ω|T((ψ /A)a(x), ( /Aψ)b(0))Ω).
6.6. First-order corrections to modified interacting fields
In this section we give explicit expressions for the first-order corrections to
some of the modified interacting fields in the scalar model and QED. We
investigate the LSZ limits of the modified interacting fields, determine their
long range tails and draw some conclusions about the physical interpretation
of states in the Fock space. We prove the theorem stated below.
Theorem 6.16. Let Ψ ∈ D1, h ∈ C∞c (R4) and let C ∈ {ψ,ϕ} in the case of
the scalar model and C ∈ {Jµ, Aµ, Fµν} in the case of QED. For every profile
η there exists C
[1]
ret/adv,mod(η;h) ∈ L(D1,H) such that
lim
↘0
‖(C [1]ret/adv,mod(g, η;h)− C [1]ret/adv,mod(η;h))Ψ‖ = 0.
6.6.1. Scalar model. For C ∈ {ψ,ϕ} it holds
Cret/adv,mod(g, η;x) = :C(x): +ie
∫
d4y g(y)θ(±x0 ∓ y0)[:C(x):, :L(y):]
∓ ie
∫
d4y g(y)[:C(x):,Lin/out(η; y)] +O(e2),
where L(x) = 12ψ2ϕ(x) is the standard interaction vertex in the scalar model
and Lout/in(η;x) are the asymptotic interaction vertices (6.10). Consider first
the field describing the electron. The interacting field with adiabatic cutoff
is given by
ψret,mod(g, η;h) = ψ(h) + e
∫
d4xd4y h(x)Dretm (x− y) g(y)ψ(y)ϕ(y)
+ i
e
2m
∫
d4ydµm(p) g(y)
(
b∗(p)jin(η, p; y)h˜(p)− h.c.
)
ϕ(y) +O(e2).
The standard first-order correction can be rewritten in the following form
e
∫
d4xd4y h(x)Dretm (x− y) g(y)ψ(y)ϕ(y)
= −e
∫
dµ0(k)dµm(p)
d4q
(2pi)4
g˜(q)h˜(k + p− q) a∗(k)b∗(p)
(p+ k − q)2 −m2 − i0 sgn(k0 + p0 − q0)+. . . ,
where on the RHS of the above equation we wrote explicitly only the term
proportional to a∗(k)b∗(p). The terms proportional to a(k)b∗(p), a∗(k)b(p)
and a(k)b(p) have a very similar form. Now let us consider the part of the
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first-order correction coming from the incoming Dollard modifiers
i
e
2m
∫
d4ydµm(p) g(y)
(
b∗(p)jin(η, p; y)h˜(p)− h.c.
)
ϕ(y)
= e
∫
dµ0(k)dµm(p)
d4q
(2pi)4
g˜(q)η˜(k − q)h˜(p) a∗(k)b∗(p)
2p · (k − q)− i0 + . . .
Consequently, in the adiabatic limit we obtain
ψret,mod(η;h)Ψ = lim
↘0
ψret,mod(g, η;h)Ψ
= ψ(h)Ψ−e
∫
dµm(p)dµ0(k)
h˜(k + p)− h˜(p)η˜(k)
2p · k a
∗(k)b∗(p)Ψ+. . .+O(e2),
where Ψ ∈ D1. Thus, the first order correction ψ[1]ret,mod(η;h) is well defined
as an element of L(D1).
Now let us consider the modified retarded massless field. The field with
adiabatic cutoff is given by
ϕret,mod(g, η;x) = ϕ(x) +
e
2
∫
d4y Dret0 (x− y) g(y) :J(y):
− e
2
∫
d4y D0(x− y) g(y) Jin(η; y) +O(e2).
Let Ψ,Ψ′ ∈ D1. It holds
(Ψ|ϕret,mod(η;x)Ψ′) = lim
↘0
(Ψ|ϕret,mod(η, g;x)Ψ′) = (Ψ|ϕ(x)Ψ′)
+
e
2
∫
d4y Dret0 (x− y) (Ψ| :J(y): Ψ′)−
e
2
∫
d4y Dret0 (x− y) (Ψ|Jin(η; y))Ψ′)
+
e
2
∫
d4y Dadv0 (x− y) (Ψ|Jin(η; y)Ψ′) +O(e2), (6.29)
where the terms on the RHS of the above equation are well-defined continuous
functions. To see this, it is enough to use the bounds
t3 |(Ψ| :J(t, ~x): Ψ′)|, t3 |(Ψ|Jin(η; t, ~x)Ψ′)| ≤ const,
which follow from the estimates proved in Section 6.1.3, and note that for
f ∈ C∞(R4) such that |t3 f(t, ~x)| ≤ const the expression∫
d4y D
ret/adv
0 (x− y)f(y) =
1
4pi
∫
d3~y
1
|~x− ~y|f(x
0 ∓ |~x− ~y|, ~y).
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is a continuous function of x. Using (6.29) one can define ϕ
[1]
ret,mod(η;h) as a
form in D1. Moreover, it holds
ϕret,mod(η;h)Ψ = lim
↘0
ϕret,mod(g, η;h)Ψ
= ϕ(h)Ψ− e
2
∫
dµm(p1)dµm(p2)
[
h˜(p1 + p2)
2p1 · p2 + 2m2 b
∗(p1)b∗(p2)
− h˜(p1 − p2)
p1 · p2 −m2 b
∗(p1)b(p2) +
h˜(−p1 − p2)
2p1 · p2 + 2m2 b(p1)b(p2)
]
Ψ
− e
2
∫
dµm(p)
d4k
(2pi)3
sgn(k0)δ(k2)
h˜(k)η˜(−k)
p · k b
∗(p)b(p)Ψ +O(e2), (6.30)
where Ψ ∈ D1. Note that for every Schwartz functions f and h the function
F (p1) :=
∫
dµm(p2)
h˜(p1 − p2)
p1 · p2 −m2 f(p2)
is also a Schwartz function. Thus, the correction ϕ
[1]
ret,mod(η;h) is well defined
as an element of L(D1).
Let us study the LSZ limits of the modified retarded fields. The LSZ
limits are defined in Appendix D and are used to construct the asymptotic
creation and annihilation operators. The past LSZ limits of the retarded
fields and the future LSZ limits of the advanced fields have simple forms. For
example, in the case of purely massive models these limits coincide with the
standard creation and annihilation operators defined in the Fock space.
The past LSZ limits of the massive modified retarded field ψret,mod(η;h)
exist only as forms on D1 and are not of physical significance. The massive
interacting field has a non-standard asymptotic behavior. In order to define
the asymptotic massive field one would have to modify the LSZ limit in an
appropriate way which is outside the scope of this paper. Using (6.29) and
estimates from Section 6.1.3 we determine the past LSZ limits of the massless
retarded field
lim
t→−∞ (−i)
∫
d3~x ft(~x)
↔
∂t (Ψ|ϕret,mod(η; t, ~x)Ψ′) = (Ψ|a∗(η, f)Ψ′),
lim
t→−∞ (−i)
∫
d3~x ft(~x)
↔
∂t (Ψ|ϕret,mod(η; t, ~x)Ψ′) = (Ψ|a(η, f)Ψ′),
where
a(η, k) := a(k)− e
2
J(η, k)+O(e2), a∗(η, k) := a∗(k)− e
2
J(η, k)∗+O(e2),
and
J(η, k) =
∫
dµm(p)
η˜(k)
p · k b
∗(p)b(p).
The above operators a∗(η, k) and a(η, k) are the creation and annihilation
operators of the physical incoming photons. It is likely that possible correc-
tions in the definition of a#(η, k), which are at least of order O(e2), vanish.
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Let
ϕLSZret,in(η;x) :=
∫
dµ0(k) (a
∗(η, k) exp(ik · x) + a(η, k) exp(−ik · x))+O(e2)
be the incoming LSZ field. The above field can be obtained from the free
massless scalar field by a coherent transformation which depends on the mo-
menta of electrons. The incoming LSZ field has the following long-range tail
in the sense of Definition C.1 in Appendix C
lim
R→∞
R (Ψ|ϕLSZret,in(η;x+Rn)Ψ′)
= − e
2m
∫
dµ1(v)
1
((n · v)2 − n2)1/2 (Ψ|b
∗(mv)b(mv)Ψ′) +O(e2).
Thus, the incoming LSZ field can be unitarily equivalent to the free field
only in the subspace of the Fock space without electrons. In fact in this
subspace both fields coincide up to possible corrections at least of order e2.
In particular, the ground state Ω in the Fock space is annihilated by a(η, k)
and, thus, does not contain any incoming photons. In contrast, all states
with at least one electron contain an infinite number of photons. Electrons
are always surrounded by an irremovable clouds of photons.
Finally, let us observe that the first order correction to the massless
modified retarded field ϕret,mod(η, x) has a trivial long-range tail,
lim
R→∞
R (Ψ|ϕret,mod(η, x+Rn)Ψ′) = O(e2).
This indicates that the model is defined in the vacuum sector. Note that, in
contrast to QED, there is no Gauss law in the scalar model and it is possible
to restrict attention to this sector only.
6.6.2. QED. Now let us find the first-order corrections to the modified inter-
acting fields in QED. For C ∈ {ψa, ψa, Aµ} it holds
Cret/adv,mod(g;x) = :C(x): +ie
∫
d4y g(y)θ(±x0 ∓ y0)[:C(x):, :L(y):]
+ ie
∫
d4y g(y)[:C(x):,∓Lin/out(η; y) + Lsector(η, v; y)] +O(e2),
where L(x) is the standard interaction vertex in QED, Lout/in(η; y) are the
asymptotic interaction vertices defined by (6.24) and Lsector(η, v; y) is given
by (6.27). The physical interacting vector field is given by
(Ψ|Aµret,mod(η, v;x)Ψ′) = (Ψ|Aµ(x)Ψ′)−e
∫
d4y Dret0 (x−y) (Ψ| :Jµ(y): Ψ′)
+ e
∫
d4y D0(x− y) (Ψ|[±Jµin(η; y)− jµin(η,mv; y)Q]Ψ′) +O(e2),
where Q is the electric charge. The above expression defines A
[1]µ
ret,mod(η, v;x)
as a form on D1. One can also define A[1]µret,mod(η, v;x) as an element of L(D1)
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by the expression analogous to (6.30). The long-range tail of the electro-
magnetic field Fµνret,mod(x) = ∂
µAνret,mod(η, v;x)− ∂νAµret,mod(η, v;x) has the
following form (cf. Definition C.1 in Appendix C)
lim
R→∞
R2 (Ψ|Fµνret/adv,mod(η, v;x+Rn)Ψ) = (Ψ|QΨ′)
e (vµnν − vνnµ)
((n · v)2 − n2)3/2 +O(e
2).
We see that the asymptotic flux of the electric field is nontrivial only in
sectors with non-zero electric charge. The asymptotic flux of the electric field
integrated over the sphere S2 of spatial directions gives −eQ in compliance
with the Gauss law. In fact, the above long-range tail coincides with the
Coulomb field of a charge −eQ moving with velocity v. Since different choices
of the four-velocity v lead to different distributions of the asymptotic flux
of the electric field the corresponding representations cannot be unitarily
equivalent. The past LSZ asymptotic field is given by (cf. Appendix D)
AµLSZ,in(η, v;x) = A
µ(x)−e
∫
d4y D0(x−y)[Jµin(η; y)−Qjµsector(η; y)]+O(e2),
where it is plausible that terms of order at least e2 are absent. We have
ALSZ,in,µ(η, v;x) =
∫
dµ0(k)
(
a∗µ(η, k) exp(ik · x) + aµ(η, k) exp(−ik · x)
)
,
where
aµ(η, v, k) = aµ(k)− eJµ(η, v, k) +O(e2),
a∗µ(η, v, k) = a
∗
µ(k)− eJµ(η, v, k)∗ +O(e2)
and
Jµ(η, v, k) = η˜(k)
(∫
dµm(p)
pµ
p · kρ(p)−
vµ
v · kQ
)
.
Let εµ(s, k), s = 1, 2, be the physical polarization vectors of photons intro-
duced in Section 5.2. The operators
a(η, v, s, k)∗ := εµ(s, k) [a∗µ(η, v, k)] a(η, v, s, k) := ε
µ(s, k) [aµ(η, v, k)]
defined in the physical Hilbert space Hphys are the creation and annihila-
tion operators of the physical incoming photons. As in the case of the scalar
model the incoming LSZ field differs from the free field by a coherent trans-
formation which is unitarily implementable only in the subspace of the Fock
space without electrons and positrons. The ground state Ω does not contain
any incoming photons. However, states with electrons or positrons are never
annihilated by a(η, v, s, k). In fact, these states contain an infinite number
of incoming photons. The above interpretation is in full agreement with the
form of the physical energy-momentum operators derived in Section 7.
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Now let us consider the first-order corrections to the modified retarded
spinor field. For Ψ,Ψ′ ∈ D1 it holds
(Ψ|ψret,mod(η, v; f)Ψ′) = lim
↘0
(Ψ|ψret,mod(g, η; f)Ψ′) = (Ψ|ψ(f)Ψ′)
− e
∑
σ=1,2
∫
dµm(p)dµ0(k)
[
f˜(k + p) (/p+ /k +m)γµ − 2f˜(p) pµη˜(k)
2p · k u(p, σ)
− f˜(p) v
µη˜(k)u(p, σ)
v · k
]
(Ψ|a∗µ(k)b∗(p, σ)Ψ′) + . . .+O(e2),
where we wrote explicitly only the term proportional to a∗µ(k)b
∗(p, σ). Be-
cause the term depending on the four-velocity v behaves like O(|k|−1) the
correction ψ
[1]
ret,mod(η, v; f) cannot be interpreted as an operator. However,
it makes sense as a form on D1. Note that [QBRST, ψ[1]ret,mod(η, v; f)] 6= 0.
Moreover, we do not expect that higher order corrections to ψret,mod(η, v; f)
exist even as forms. As specified in Conjecture 6.14, our proposal for the
modified interacting fields works only for observable fields. In order to define
the interacting Dirac field one has to introduce further modifications in the
definition of ψret,mod(η, v, g;x) such that the resulting expression is formally
gauge invariant in a sense explained in Section 5.2. Because the interacting
Dirac field interpolates between sectors of different electric charge it cannot
be a point-local field. In fact, its localization region cannot be bounded as
otherwise the Gauss law would be violated. It is plausible that one can con-
struct a modified retarded spinor field localized in a semi-infinite string using
ideas of [CMV18, Man68]. We leave this issue for future investigation.
Finally, let us consider the modified retarded spinor current. We assume
that the time-ordered products are normalized such that t˜VP(q) = O(|q|3),
where t˜VP is defined in Theorem 6.15. For Ψ ∈ D1 we obtain
Jµret,mod(η, v;hµ)Ψ = lim
↘0
Jµret,mod(η, v, g;hµ)Ψ
= :Jµ(hµ): Ψ− e
∑
σ,σ′=1,2
∫
dµ0(k)dµm(p)dµm(p
′)
[
(h˜µ(−p+ k + p′)− h˜µ(−p+ p′)η˜(k))u(p, σ)γµu(p′, σ′)
(
p′ν
p′ · k −
pν
p · k
)
+ h˜µ(−p+ k + p′)u(p, σ)
(
γµ/kγν
2p′ · k −
γν/kγµ
2p · k
)
u(p′, σ′)
]
× a∗ν(k)b∗(p′, σ′)b(p, σ)Ψ + . . .+O(e2),
where we wrote explicitly only the term proportional to a∗ν(k)b
∗(p′, σ′)b(p, σ).
All terms of order O(e) are proportional to a#ν (k)b
#(p′, σ′)b#(p, σ) and have
a similar form to the term displayed above. The above expression defines
J
[1]µ
ret,mod(η, v;hµ) as an element of L(D1).
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7. Energy-momentum operators
In this section we study the covariance of the modified scattering matrix
and the modified interacting fields under space-time translations. Assuming
that Conjectures 6.9 and 6.14 hold true we show that the modified scattering
matrix and the modified interacting fields in the scalar model and QED are
covariant under the action of some unitary representation of the translation
group which is not equivalent to the standard Fock representation. We give
the explicit expressions for the energy-momentum operators in the scalar
model and QED and investigate their joint spectrum.
7.1. Scalar model
Let us indicate how different objects transform under spacetime translations.
The standard Bogoliubov scattering matrix, given by (4.5), and the standard
interacting fields, given by (4.6), have the following properties
U(a)S(g)U(a)−1 =S(ga),
U(a)Cret/adv(g;h)U(a)
−1 =Cret/adv(ga;ha),
where U(a), a ∈ R4, is the standard unitary representation of the group of
translation in the Fock space, g is the adiabatic cutoff and ga(x) := g(x− a).
In case of the Dollard modifiers, given by (6.11), the modified scattering
matrix with adiabatic cutoff, given by (6.12), and the modified interacting
fields, given by (6.13), we have
U(a)Sasout/in(η, g)U(a)
−1 =Sasout/in(ηa, ga),
U(a)Smod(η, g)U(a)
−1 =Smod(ηa, ga),
U(a)Cret/adv,mod(η, g;h)U(a)
−1 =Cret/adv,mod(ηa, ga;ha),
where η and ηa(x) := η(x− a) are profiles in the sense of Definition 6.1, C is
an arbitrary polynomial in the basic fields and their derivatives, h ∈ S(R4)
and ha(x) := h(x − a). From now on let us assume that the adiabatic limit
of the modified scattering matrix and modified interacting fields exists in the
sense of Conjecture 6.9. The fact that U(a)Ψ ∈ D2 if Ψ ∈ D2 implies that for
any a ∈ R4 and Ψ,Ψ′ ∈ D2 the limit
lim
↘0
(Ψ|Smod(ηa, (ga))Ψ′) = lim
↘0
(Ψ|U(a)Smod(η, g)U(a)−1Ψ′)
= (Ψ|U(a)Smod(η)U(a)−1Ψ′) (7.1)
exists, where
(ga)(x) = ga(x) = g(x− a), (ga)(x) = g((x− a)) = g(x− a).
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It holds
lim
↘0
(Ψ|S[n]mod(ηa, (ga))Ψ′) = lim
↘0
∫
d4q1
(2pi)4
. . .
d4qn
(2pi)4
g˜(−q1) . . . g˜(−qn)
× e−i(q1+...+qn)·a S[n]mod(ηa; q1, . . . , qn)
= lim
↘0
∫
d4q1
(2pi)4
. . .
d4qn
(2pi)4
g˜(−q1) . . . g˜(−qn)S[n]mod(ηa; q1, . . . , qn)
= lim
↘0
(Ψ|S[n]mod(ηa, g)Ψ′) = (Ψ|S[n]mod(ηa)Ψ′) (7.2)
where S
[n]
mod(η, q1, . . . , qn) ∈ S ′(R4n) is given by (6.15). The second of the
above identities is a consequence of Theorem A.2 stated in Appendix A.
Combining Eqs. (7.1) and (7.2) we get the following equality
U(a)Smod(η)U(a)
−1 = Smod(ηa). (7.3)
In an analogous way one proves that
U(a)Cret/adv,mod(η;h)U(a)
−1 = Cret/adv,mod(ηa;ha). (7.4)
Using Definition 6.7 and Eqs. (6.9), (6.19) and (6.23) we conclude that
U(a)Smod(η)U(a)
−1 =V (η, ηa)−1Smod(η)V (η, ηa),
U(a)Cret/adv,mod(η;h)U(a)
−1 =V (η, ηa)−1Cret/adv,mod(η;ha)V (η, ηa),
(7.5)
where V (η, ηa) is the intertwining operator given by (6.17).
Definition 7.1. Let η be a profile in the sense of Definition 6.1. Set
R4 3 a 7→ Umod(η; a) := V (η, ηa)U(a) ∈ B(H), (7.6)
where ηa(x) = η(x− a), V (η, ηa) is the intertwining operator given by (6.18)
and U(a) is the standard unitary representation of the translation group in
the Fock space H. By Theorem 7.3 the map (7.6) is a unitary representation
of the translation group.
The following theorem is a trivial consequence of Eqs. (7.3), (7.4) and
(7.5). It states that the modified scattering operator and the modified inter-
acting fields are covariant with respect to the representation of the translation
group defined above.
Theorem 7.2. Assume that Conjecture 6.9 holds true. For arbitrary a ∈ R4
Umod(η; a)Smod(η)Umod(η; a)
−1 =Smod(η),
Umod(η; a)Cret/adv,mod(η;h)Umod(η; a)
−1 =Cret/adv,mod(η;ha).
Theorem 7.3. (A) For any profile η the map (7.6) is a strongly continuous
unitary representation of the group of spacetime translations which is not
unitarily equivalent to the standard representation U(a).
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(B) The generators Pmod of the spacetime translations defined by Umod(a) =
exp(iPmod · a) are explicitly given by
Pµmod(η) =
∫
dµ0(k) k
µa∗(η, k)a(η, k) +
∫
dµm(p) p
µb∗(p)b(p), (7.7)
where
a(η, k) = a(k)− e
2
J(η, k), a∗(η, k) = a∗(k)− e
2
J(η, k)∗,
and
J(η, k) =
∫
dµm(p)
η˜(k)
p · k b
∗(p)b(p).
(C) The joint spectrum of Pµmod(η) coincides with the closed forward lightcone.
It holds Pµmod(η)Ω = 0 and Ω is the only joint eigenvector. The point spectrum
of the square of the mass operator P 2mod(η) coincides with {0}.
Proof. We first note that by Eq. (6.18)
V (η, ηa) = exp
(
e
∫
dµm(p)dµ0(k)
[
η˜(k)(1− eik·a)
2p · k a
∗(k)− h.c.
]
b∗(p)b(p)
)
exp
(
ie2
∫
dµm(p1)dµm(p2)dµ0(k)
|η˜(k)|2 sin(k · a)
4(p1 · k)(p2 · k) b
∗(p1)b(p1)b∗(p2)b(p2)
)
.
The above operator is isometric and invertible, hence unitary. Thus, the op-
erators Umod(η, a) are unitary. One easily verifies that
U(a1)V (η, ηa2)U(a1)
−1 = V (ηa1 , ηa1+a2)
Using the above identity and Eq. (6.19) we show that V (η, ηa) satisfies the
following cocyle condition
V (η, η(a1+a2) = V (η, ηa1)U(a1)V (η, ηa2)U(a1)
−1,
This proves that Umod(η, a) is a unitary representation of the group of trans-
lations. It is easy to check that this representation is strongly continuous. At
least formally, its generators Pµmod(η) are given by (7.7). In order to show
that Pµmod(η), µ = 0, 1, 2, 3, is a family of commuting self-adjoint operators
and find its joint spectrum we make the following decomposition of the Fock-
Hilbert space
H = ⊕∞n=1Hn, Hn ' L2s(H×nm ,dµ×nm )⊗ Γs(h0),
where L2s(H
×n
m ,dµ
×n
m ) is the subspace of L
2(H×nm ,dµ
×n
m ) consisting of func-
tions symmetric under permutations of their arguments and Γs(h0) is the
Fock space of photons in the scalar model. It turns out that Pµmod(η) is a
decomposable operator in the sense of the definition given in Section XIII.16
of [RS78]. We have
Pµmod(η) = ⊕∞n=0K(n)µmod (η), (7.8)
where
K
(0)µ
mod(η) ≡ Kµ =
∫
dµ0(k) k
µa∗(k)a(k)
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and
(K
(n)µ
mod (η)Ψ)(p1, . . . , pn) =
 n∑
j=1
pµj +K
(n)µ
mod (η, p1, . . . , pn)
Ψ(p1, . . . , pn).
For n ∈ N+ and p1, . . . , pn ∈ Hm the fiber operators
K
(n)µ
mod (η, p1, . . . , pn)
=
∫
dµ0(k) k
µ
a∗(k)− n∑
j=1
e η(k)
2pj · k
a(k)− n∑
j=1
e η(k)
2pj · k

are essentially self-adjoint on DomK0 by the Nelson commutator theorem
applied with the comparison operator 1 + K0. Using the method of Propo-
sition 3.13 of [Der03] we show that for any n ∈ N+, p1, . . . , pn ∈ Hm and
µ = 0, 1, 2, 3 the spectrum of K
(n)µ
mod (η, p1, . . . , pn) is absolutely continuous.
It is well-known that the joint spectrum of Kµ, µ = 0, 1, 2, 3, coincides with
V +. The bound
gµν (Ψ|K(n)µmod (η, p1, . . . , pn)K(n)νmod (η, p1, . . . , pn)Ψ) ≥ 0
implies that for any n ∈ N+ and p1, . . . , pn ∈ Hm the joint spectrum of
K
(n)µ
mod (η, p1, . . . , pn), µ = 0, 1, 2, 3, is contained in V +. Actually, using the
method of the proof of Proposition 3.10 of [Der03] one can show that the
joint spectrum coincides with V +. Theorem XIII.85 of [RS78] implies the
operators Pµmod(η) are self-adjoint on the domain specified in Section XIII.16
of that reference. Using the decomposition (7.8) and the properties of the fiber
operators it is straightforward to prove the claims about the joint spectrum
of Pµmod(η). 
7.2. QED
Definition 7.4. Let η be a profile in the sense of Definition 6.1 and v be a
four-velocity. Set
R4 3 a 7→ Umod(η, v; a) := V (η, ηa, v)U(a) ∈ B(H), (7.9)
where ηa(x) = η(x−a), V (η, ηa, v) is the intertwining operator given by (6.28)
and U(a) is the standard representation of the translation group in the Fock
space H. By Theorem 7.6 the map (7.9) induces a unique map
R4 3 a 7→ [Umod(η, v; a)] ∈ B(Hphys). (7.10)
The above map is a unitary representation of the translation group in the
physical Fock space defined in Section 5.2.
By the theorem stated below the physical modified scattering matrix
and interacting fields are covariant with respect to the representation of the
spacetime translations defined above. In Theorem 7.6 we give some properties
of this representation. The proofs of these theorems are similar to the proofs
of the analogous theorems stated in the previous section and are omitted.
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Theorem 7.5. Assume that Conjecture 6.14 holds true. For arbitrary a ∈ R4
[Umod(η, v; a)][Smod(η, v)][Umod(η, v; a)]
−1 = [Smod(η, v)]
[Umod(η, v; a)][Cret/adv,mod(η, v;h)][Umod(η, v; a)]
−1 = [Cret/adv,mod(η, v;ha)].
Theorem 7.6. (A) For any profile η and four-velocity v the map (7.10) is a
strongly continuous unitary representation of the group of spacetime transla-
tions which is not unitarily equivalent to the standard representation [U(a)].
(B) The generators of [Umod(η, v; a)] are given by
[Pµmod(η, v)] =
∑
s=1,2
∫
dµ0(k) k
µa∗(η, v, s, k)a(η, v, s, k)
+
∑
σ=1,2
∫
dµm(p) p
µ(b∗(p, σ)b(p, σ) + d∗(p, σ)d(p, σ)),
where
a(η, v, s, k) = a(s, k)− e εµ(s, k)Jµ(η, v, k),
a∗(η, v, s, k) = a∗(s, k)− e εµ(s, k)Jµ(η, v, k),
a#(s, k) are defined in Section 5.2,
Jµ(η, v, k) =
∫
dµm(p)
pµ η˜(k)
p · k ρ(p)−
vµ η˜(k)
v · k Q,
ρ(p) is given by (3.10) and −eQ is the electric charge.
(C) The joint spectrum of [Pµmod(η)] coincides with the closed forward light-
cone. It holds [Pµmod(η)]Ω = 0 and Ω is the only joint eigenvector. The point
spectrum of [Pmod(η)]
2 coincides with {0}.
8. Summary and outlook
We proposed a rigorous method of the construction of the scattering matrix
and the interacting fields in quantum electrodynamics and a model of inter-
acting scalar fields with long-range interactions. Our method is inspired by
the modified scattering theory [Dol64, DG97] developed in quantum mechan-
ics and is based on works by Bogoliubov [BS59], Kulish and Faddeev [KF70]
and Morchio and Strocchi [MS16a, MS16b]. One of the features of our con-
struction is a clear separation between the ultraviolet and infrared problem.
We do not introduce any ultraviolet regularization and solve the ultravio-
let problem using the Epstein-Glaser renormalization technique. It is evident
that our modified scattering matrix and the modified interacting fields with
adiabatic cutoff are free from the ultraviolet and infrared divergences. The
nontrivial step in our construction is the proof of the existence of the adia-
batic limit which was established only in low orders of perturbation theory.
Generalization of the proof to higher orders is a nontrivial open problem.
We investigated the physical properties of our construction. Our mod-
ified scattering matrix and the modified interacting fields are defined in the
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standard Fock space. However, they are covariant with respect to a repre-
sentation of the translation group which is not unitarily equivalent to the
standard Fock representation. This representation coincides with the stan-
dard representation only in the subspace without electrons and positrons. In
order to determine the true particle content of the states in the Fock space
we studied the LSZ limits of the modified interacting fields. In particular, we
showed that the past LSZ limit of the modified retarded electromagnetic field
does not coincide with the free electromagnetic field. Instead, it is given by
the coherent transformation of the later field. The above coherent transforma-
tion depends on the momenta of the electrons and positrons and is unitarily
implementable, and in fact trivial, only in the subspace with no electrons or
positrons. The states in the Fock space without electrons or positron have
the standard particle interpretation. The ground state in the Fock space has
all the properties of the vacuum: it is translationally invariant and is the
kernel of the LSZ photon annihilation operator. States with one photon are
obtained by acting the LSZ photon creation operator on the ground state.
States obtained by acting on the vacuum with the standard Fock electron or
positron creation operator are not in the kernel of the LSZ photon annihila-
tion operator. In fact, these states contain infinite number of photons. States
with electrons or positrons contain an irremovable cloud of photons. There
are no states with the energy-momentum content on the mass hyperboloid.
We expect that our method can be generalized to other models of pertur-
bative quantum field theory with interaction vertices containing two massive
and one massless field. Examples of such models are scalar and pseudo-scalar
Yukawa theories with a massive Dirac field coupled to a massless scalar or
pseudo-scalar field, respectively. In fact, in the case of the later model it is
plausible that the adiabatic limit of the standard Bogoliubov scattering ma-
trix and interacting fields exists and no modifications are necessary. It would
be also interesting to know whether one can express elements of our modified
scattering matrix in QED or the scalar model in terms of the Green functions
with the use of an appropriately generalized LSZ formula. Another problem
left for future research is a rigorous construction of the inclusive cross sections
and the investigation of their relation to our modified scattering matrix.
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Appendix A. Value of a distribution at a point
Definition A.1. A distribution t ∈ S ′(RN ) has a value t(0) ∈ C at the origin
iff the limit
t(0) := lim
↘0
∫
dNq
(2pi)N
t(q)g(q)
exists for any g ∈ S(RN ) such that ∫ dNq
(2pi)N
g(q) = 1, g(q) = 
−Ng(q/).
The above definition of the value of a distribution at a point is usually
attributed to  Lojasiewicz [ Loj57]. The value t(0) is also called the adiabatic
limit of the distribution t at 0.
Theorem A.2. Let h be a smooth function of at most polynomial growth.
If a distribution t ∈ S ′(RN ) has a value t(0) ∈ C at the origin, then the
distribution h(q)t(q) has a value h(0)t(0) at the origin.
Proof. If t ∈ S(RN ), then there exist M ∈ N0 such that∣∣∣∣∫ dNq(2pi)N t(q)f(q)
∣∣∣∣ ≤ const ∑
α,β
|α|+|β|≤M
sup
q∈RN
∣∣qα∂βf(q)∣∣ .
For K ∈ N0 set
hK(q) = h(q)−
∑
α
|α|≤K
qα
α!
(∂αh)(0).
It holds
sup
q∈RN
∣∣qα∂β(hK(q)g(q))∣∣ = |α|−|β|−N sup
q∈RN
∣∣qα∂β(hK(q)g(q))∣∣
≤ const |α|−|β|−N+K ,
where the constant is independent of . Let K = M+N+1. The distribution
hK(q)t(q) has the value zero at the origin. Thus,
lim
↘0
∫
dNq
(2pi)N
h(q)t(q)g(q) =
∑
α
|α|≤K
1
α!
(∂αh)(0) lim
↘0
∫
dNq
(2pi)N
t(q)qαg(q)
It holds ∫
dNq
(2pi)N
t(q)qαg(q) = 
|α|
∫
dNq
(2pi)N
t(q)gα (q), (A.1)
where gα(q) := qαg(q) and gα (q) := 
−Ngα(q/). Since by the assumption
the distribution t has a value at zero, the limit ↘ 0 of the expression (A.1)
vanishes if |α| ≥ 1 and is equal to t(0) if α = 0. This finishes the proof. 
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Appendix B. BCH formula and Magnus expansion
Let A and B be operators such that [A, [A,B]] = [B, [A,B]] = 0. The follow-
ing identity is known as the BCH formula
exp (A+B) = exp(A) exp(B) exp
(
−1
2
[A,B]
)
(B.1)
Let t 7→ A(t) a be one-parameter family of operators such that
[A(t), [A(t′), A(t′′)]] = 0,
The following identity is a special case of the Magnus expansion [BCOR09]
Texp
(
−i
∫
dt A(t)
)
= exp
(
−i
∫
dt A(t)
)
exp
(
1
2
∫
dt1
∫
dt2 θ(t1 − t2)[A(t1), A(t2)]
)
, (B.2)
where Texp is the anti-time-ordered exponential.
Appendix C. Long-range tail
Definition C.1. [Buc86] Let h ∈ C∞c (R4) be supported in the spacelike comple-
ment of the origin in the Minkowski space. For R > 0 set hR(x) := h(x/R).
Consider a field B ∈ S ′(R4, L(D)) and assume that for some n ∈ N+ and all
Ψ,Ψ′ ∈ D the limit
lim
R→∞
Rn (Ψ′|B(hR)Ψ) =: (Ψ′|Blr(h)Ψ)
exists and defines the field Bnlr ∈ S ′(R4, L(D)). The field Bnlr is homogeneous
of degree −n and is called the long-range tail of B. The long-range tail is a
classical observable, which means that it commutes with all fields that can be
localized in any bounded region of the Minkowski space.
Appendix D. Incoming and outgoing LSZ fields
Definition D.1. Let f ∈ S(R4) be such that f˜ is supported outside the origin.
Set
fm,t(~x) :=
∫
d3~p
(2pi)3 2Em(~p)
exp(−iEm(~p)t+ i~p · ~x) f˜(Em(~p), ~p),
where Em(~p) :=
√|~p|2 +m2. The LSZ limits of the field B(x) are by defini-
tion the following limits
lim
t→±∞ (−i)
∫
d3~x fm,t(~x)
↔
∂t (Ψ|B(t, ~x)Ψ′) =: (Ψ|B(+)m (f)Ψ′),
lim
t→±∞ i
∫
d3~x fm,t(~x)
↔
∂t (Ψ|B(t, ~x)Ψ′) =: (Ψ|B(−)m (f)Ψ′),
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where Ψ,Ψ′ ∈ Dreg are arbitrary. If the above limits exist, they can be
used to determine the components B
(±)
m (f) of the field B(x) which have the
energy-momentum transfer contained in the forward/backward mass hyper-
boloid ±Hm. The operators B(±)m (f) are responsible for the creation or anni-
hilation of particles of mass m.
For example, let ψ(x) be the free scalar field of mass m (cf. Equa-
tion (5.1)). The limits
lim
t→±∞ (−i)
∫
d3~x fm,t(~x)
↔
∂t (Ψ|ψ(t, ~x)Ψ′)
exist for all Ψ,Ψ′ ∈ D0 and are equal to (Ψ|b∗(f)Ψ′) if m = m and vanish
otherwise. The free field built with the use of the creation and annihilation
operators obtained by taking the LSZ limits is denoted by ψLSZ,out/in(x) and
called the outgoing or incoming LSZ field. In the case of the above example
we have ψLSZ,out/in(x) = ψ(x).
Appendix E. Propagators
Let φ be the free real scalar field, Aµ be the free vector field in the Feynman
gauge and ψ be the free Dirac spinor field. The fields have mass m ≥ 0.
• The commutator functions
[φ(x), φ(y)] = −iDm(x− y), [Aµ(x), Aν(y)] = igµνDm(x− y),
[ψa(x), ψb(y)] = −iSm,ab(x− y) := −i(i/∂x +m)abDm(x− y),
Dm(x) :=
i
(2pi)3
∫
d4k δ(k2 −m2) sgn(k0) exp(−ik · x),
D0(x) =
1
2pi
sgn(x0)δ(x2).
• The Wightman two point functions
(Ω|φ(x)φ(y)Ω) = −iD(+)m (x− y), (Ω|Aµ(x)Aν(y)Ω) = igµνD(+)m (x− y),
(Ω|ψa(x)ψb(y)Ω) = −iS(+)m,ab(x− y) := −i(i/∂x +m)abD(+)m (x− y).
D(+)m (x) :=
i
(2pi)3
∫
d4k δ(k2 −m2)θ(k0) exp(−ik · x)
• The Feynman propagators
(Ω|T (φ(x), φ(y))Ω) = −iDFm(x− y),
(Ω|T (Aµ(x), Aν(y))Ω) = igµνDFm(x− y),
(Ω|T(ψa(x), ψb(y))Ω) = −iSFab(x− y) := −i(i/∂x +m)abDFm(x− y),
DF (x) := D(+)(x) +Dadv(x) =
∫
d4k
(2pi)4
exp(−ik · x)
m2 − k2 − i0 .
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• The retarded and advanced Green functions
Dret/advm (x) :=
∫
d4k
(2pi)4
exp(−ik · x)
m2 − k2 ∓ i0 sgn k0 , D
ret/adv
0 (x) =
1
2pi
θ(±x0)δ(x2).
• The Dirac propagators
DDm(x) :=
1
2
(
Dretm (x) +D
adv
m (x)
)
, DD0 (x) =
1
4pi
δ(x2).
Appendix F. Modified S-matrix in scalar model and QED
In this appendix we show the existence of the adiabatic limit of the modified
scattering matrix in the scalar model and QED in the first and second order
of perturbation theory which was stated in Theorem 6.15. The proofs of the
part (A) and (B) are contained in Sections F.1 and F.2, respectively. We give
the detailed proofs only in the case of the scalar model and discuss how to
adapt the proofs to the case of QED. We prove the theorem by considering
separately all possible processes which contribute to the scattering matrix at
a given order of perturbation theory. The processes in the first and second-
order which do not vanish for kinematical reasons are depicted in Figures 1-8.
In the Feynman diagrams presented in this paper, we use straight lines to
depict electrons and positrons and wavy lines to depict photons. The lines
representing the incoming particles are drawn on the right and the lines rep-
resenting the outgoing particles – on the left. To simplify the notation we
always assume that the incoming states contain only particles that actually
participate in the interaction process. Thus, in particular when considering
the first-order corrections to the scattering matrix we consider the incoming
states with at most three particles. The generalization for arbitrary incoming
states is trivial. For simplicity, we assume that the wave functions of the in-
coming states are compactly supported in momentum space. We also assume
that the profile η is of compact support in momentum space. In the proof we
frequently use the theorem stated below which says that the adiabatic limit of
S
[n]
mod(η, g) depends only on the form of the distribution S
[n]
mod(η, q1, . . . , qn),
defined by (6.15), in an arbitrarily small neighborhood of the origin. The
theorem implies in particular that the adiabatic limit vanishes if there exist
a neighborhood O of zero in R4 such that S[n]mod(g) = 0 for all g ∈ S(R4),
supp g˜ ⊂ O.
Theorem F.1. Let χ ∈ S(R4) be such that χ ≡ 1 in some neighborhood of the
origin, and let Ψ be a state which belongs to any of the domains considered
in this paper: D0 or D1 ⊃ D2 ⊃ Dreg. Set
Ψ :=
∫
d4q1
(2pi)4
. . .
d4qn
(2pi)4
g˜(−q1) . . . g˜(−qn)S[n]mod(η, q1, . . . , qn)Ψ
and
Ψχ :=
∫
d4q1
(2pi)4
. . .
d4qn
(2pi)4
χ(q1, . . . , qn) g˜(−q1) . . . g˜(−qn)S[n]mod(η, q1, . . . , qn)Ψ.
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It holds
‖Ψ −Ψχ ‖ = O(M ). (F.1)
for any M ∈ N+.
Proof. Note that the expression
(Ψ|S[n]mod(q′1, . . . , q′n)∗S[n]mod(η, q1, . . . , qn)|Ψ)
is an element of S ′(R8n). Eq. (F.1) follows from the fact that the family of
functions
−M g˜(−q1) . . . g˜(−qn) (1− χ(q1, . . . , qn))
converges to zero in the topology of S(R4n) in the limit ↘ 0. 
F.1. First-order corrections
It is easy to see that in both the scalar model and QED the first-order cor-
rection to the modified scattering matrix is given by the following expression
S
[1]
mod(g) = i
∫
d4x g(x) (L(x)− Las(x)), (F.2)
where L is the vertex of the model and Las = Lin + Lout is the asymptotic
vertex introduced in Sections 6.3 and 6.4. In this section we prove that the
adiabatic limit of the above correction vanishes. We study all contributing
processes which are depicted in Figures 1 and 2. The processes from Figure 2
vanish in the adiabatic limit by the conservation of the total energy and
momentum. The processes from Figure 1 require more care. We recall that
the non-existence of the adiabatic limit of the first-order correction to the
standard scattering matrix was shown in Section 5.4.
k
p p′
k
p p′
(A) (B)
Figure 1. Non-trivial diagrams in first-order
F.1.1. Non-trivial processes. The wave function of the outgoing particles in
Figure 1 (A) has the following form
F (A) (p, k) :=
∫
d4q
(2pi)3
g˜(q)
(
δ(2p · (k − q) + (k − q)2) f(p+ k − q)
− δ(2p · (k − q)) η˜(k − q) f(p)
)
.
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The momenta which are arguments of the wave functions are always on-shell.
It holds
F (A) (p, k) =
∫
d4q
(2pi)3
g˜(q)
(
δ(2p · (k − q) + (k − q)2) f(p+ k − q)
− δ(2p · (k − q)) η(k − q)f(p)
)
.
Using the above identity we get
lim
↘0
∫
dµm(p)dµ0(k) |F (A) (p, k)|2 = lim
↘0
∫
dµm(p)dµ0(k) |F (A) (p, k)|2 = 0.
The wave function of the outgoing electron in Figure 1 (B) is given by
F (B) (p) := 
∫
d4q
(2pi)3
dµ0(k
′) g˜(q)
(
δ(2p·(k′+q)−(k′+q)2) f(p−k′−q, k′)
− δ(2p · (k′ + q)) η˜(−k′ − q) f(p, k′)
)
.
Consequently, it holds ∫
dµm(p) |F (B) (p)|2 = o(2).
This proves that the contributions to S[1](g)Ψ coming from the processes
depicted in Figure 1 vanish in the adiabatic limit in the topology of the
Fock-Hilbert space.
k′
p′1
p′2
k
p′1
p′2
k′
p1
p2
k
p1
p2
(A) (B) (C) (D)
Figure 2. Trivial diagrams in first-order
F.1.2. Trivial processes. Since the asymptotic vertices do not describe pro-
cesses depicted in Figure 2 it follows from Eq. (F.2) that the contributions to
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S
[1]
mod(g) coming from these processes coincide with the corresponding contri-
butions to S[1](g). The amplitudes have the following form
F (A) :=
∫
dµm(p
′
1)dµm(p
′
2)dµ0(k
′) g˜(−p′1 − p′2 − k′) f(p′1, p′2, k′),
F (B) (k) :=
∫
dµm(p
′
1)dµm(p
′
2) g˜(k − p′1 − p′2) f(p′1, p′2),
F (C) (p1, p2) :=
∫
dµ0(k
′) g˜(p1 + p2 − k′) f(k′),
F (D) (p1, p2, k) := g˜(p1 + p2 + k).
We remind the reader that the momenta of the incoming and outgoing parti-
cles are always on-shell and by the assumptions the support of the functions
denoted above by f is compact. Using the above facts it is easy to see that in
each of the cases the argument of g˜ is contained in the complement of some
open ball centered at the origin in R4 whose radius does not depend on the
momenta of outgoing particles. Since g˜(q) =
1
4 g˜
(
q

)
, g ∈ S(R4), we have
sup
q∈R4
|q|>λ
|g˜(q)| ≤ const(M,λ) M
for any M ∈ N+. Consequently, the L2 norm of all of above wave functions
behave like O(M ) for any M ∈ N+ and vanishes in the adiabatic limit.
F.1.3. Bounds. The technical results presented in this section will be useful
in the proof of Theorem 6.15 regarding the second-order corrections to the
modified scattering operator, which is presented in Section F.2. We use the
family of seminorms in the Fock space introduced in the definition below.
Definition F.2. Consider the scalar model. Let M ∈ N0, δ ≥ 0 and Ψ ∈ D1 ⊃
D2 be such that
Ψ =
∑
i,j∈N0
∫
dµm(p1) . . . dµm(pn)dµ0(k1) . . . dµ0(kj)
hij(~p1, . . . , ~pi,~k1, . . . ,~kj) b
∗(p1) . . . b∗(pi)a∗(k1) . . . a∗(kj)Ω.
By definition
‖Ψ‖δ,M :=
∑
i,j∈N0
∑
|α|<M
sup
p1,...,pi∈Hm
k1,...,ki∈H0
|k01|δ . . . |k0j |δ
∣∣∣∂α~p hij(~p1, . . . , ~pi,~k1, . . . ,~kj)∣∣∣ ,
where α is a multi-index. In an analogous way we define the family of semi-
norms in the Fock space of QED. The corresponding expression for ‖Ψ‖δ,M
contains an additional sum over all polarizations of photons and electrons or
positrons.
Lemma F.3. For any δ ∈ (0, 1) and  > 0 it holds
‖L(g)Ψ‖δ,M ≤ const δ−1 ‖Ψ‖δ,M ,
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‖Las/out/in(g)Ψ‖δ,M ≤ const δ−1 ‖Ψ‖δ,M
and
‖(L(g)− Las(g))Ψ‖δ,M ≤ const δ ‖Ψ‖δ,M+1.
The above bounds are valid both in the scalar model and QED. In addition,
in the case of QED it holds
‖Lsector(g)Ψ‖δ,M ≤ const δ−1 ‖Ψ‖δ,M .
The straightforward but tedious proof of the above lemma is omitted.
F.2. Second-order corrections
The second order correction to the modified scattering matrix in the scalar
model and QED is given by
S
[2]
mod(g) =
i2
2
∫
d4x1d
4x2 g(x1)g(x2)
[
T(L(x1),L(x2))− 2L(x1)Lin(x2)
− 2Lout(x1)L(x2) + T(Lout(x1),Lout(x2)) + 2Lout(x1)Lin(x2)
+ T(Lin(x1),Lin(x2)) + 2[Lsector(x1),L(x2)− Lin(x2)− Lout(x2)]
]
,
where T and T denote the time-ordered and anti-time-ordered products and
in the case of the scalar model we set Lsector ≡ 0 since this vertex appears
only in QED. We claim that
lim
↘0
S
[2]
mod(g)Ψ = lim
↘0
i2
2
∫
d4x1d
4x2 g(x1)g(x2)
× [T(L(x1),L(x2))− L(x1)L(x2) + T(Las(x1),Las(x2))− Las(x1)Las(x2)
− 2 T(Lin(x1),Lout(x2)) + 2Lin(x1)Lout(x2)
]
Ψ, (F.3)
for Ψ ∈ D1 in the topology of the Fock-Hilbert space. It is easy to see that
the adiabatic limit of the last line exists. In fact, for compactly supported
profiles η the support of the expression in the last line of the above equa-
tion is compact. Moreover, this expression is nonzero only in the case of the
Møller/Bhabha scattering. To prove Eq. (F.3) it is enough to show that the
adiabatic limit of
L(x1)L(x2)− 2L(x1)Lin(x2)− 2Lout(x1)L(x2)
+ Las(x1)Las(x2) + 2[Lout(x1),Lin(x2)]
+ 2[Lsector(x1),L(x2)− Las(x2)]
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vanishes. By Lemma F.3 the adiabatic limit of the second and third line
coincides with the adiabatic limit of
Las(x1)Las(x2)− 2Las(x1)Lin(x2)− 2Lout(x1)Las(x2)
+ Las(x1)Las(x2) + 2[Lout(x1),Lin(x2)],
which is equal to zero. By Lemma F.3
2[Lsector(x1),L(x2)− Las(x2)]
is also zero in the adiabatic limit. Note that if Ψ ∈ D1 does not contain mas-
sive particles, then only the first term in the second line of (F.3) contributes.
By the results of Section F.1, Theorem 6.15 holds true with S
[2]
mod(η) = 0 for
contributions corresponding to disconnected Feynman diagrams. The second-
order connected Feynman diagrams have zero, two or four external lines. The
numbers of the external lines corresponding to electrons, positrons and pho-
tons are even. We divide all possible connected processes into the following
classes:
(1) vacuum bubble – no external particles,
(2) vacuum polarization – two incoming or outgoing photons,
(3) self-energy of electron or positron – two incoming or outgoing electrons
or positrons,
(4) Compton scattering – two incoming or outgoing photons and one incom-
ing and one outgoing electron or positron,
(5) pair creation – two incoming or outgoing photons and two incoming or
two outgoing electrons or positrons,
(6) Møller or Bhabha scattering – four incoming or outgoing electrons.
In the following sections we study all contributions to the modified scattering
operator in the second-order corresponding to connected Feynman diagrams.
All the Feynman diagrams of particular type corresponding to contributions
which do not vanish trivially by the approximate energy-momentum conser-
vation are depicted in each of the sections below. We shall frequently use the
formula (F.3). Note that in the case of the processes (1), (2) and (5) only the
first term on the RHS contributes. In the case of the processes (3) and (4)
only the first two terms contribute. In the case of the process (6) all terms
have to be taken into account for the limit to exist.
F.2.1. Vacuum bubble. Let
t(x) := (Ω|T(L(x),L(0))Ω). (F.4)
The distribution t˜(q) is an analytic function in some neighborhood of zero.
It is defined uniquely up to a polynomial in q of degree 4. Thus, it is possible
to normalize this distribution such that t˜(q) = O(|q|5) at q = 0. Thus,
(Ω|S[2]mod(η, g)Ω) = −
1
2
(Ω|T(L(g),L(g))Ω)
= −1
2
∫
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) (2pi)
4δ(q1 + q2)
1
4
t˜(−q2)
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vanishes in the limit ↘ 0.
Figure 3. Vacuum bubble diagram
The above result generalizes trivially to the case of QED. Concluding,
Theorem 6.15 (B) restricted to the vacuum bubble contribution holds iff
t˜(q) = O(|q|5) at q = 0, where t is given by (F.4). We have S[2]mod(η) = 0 for
this contribution.
F.2.2. Vacuum polarization. Let
t(x) :=
1
4
(Ω|T(ψ2(x), ψ2(0))Ω) (F.5)
The distribution t˜(q) is an analytic function in some neighborhood of zero.
It is defined uniquely up to a Lorentz invariant polynomial in q of degree 2.
We have
Π(q2) = Π(0) + Π′(0) q2 +O(|q2|2),
where Π(q2) = −it˜(q). Let
k1
k2
k′1
k′2
k k′
(A) (B) (C)
Figure 4. Vacuum polarization diagrams
F (A) (k1, k2) := (k1, k2|S[2]mod(η, g)Ω) = −
1
2
(k1, k2|T(L(g),L(g))Ω).
It holds
2F (A) (k1, k2)
= −i
∫
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) (2pi)
4δ(k1 + k2− q1− q2) 1
2
Π(2(k1− q1)2).
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Consider the limit
lim
↘0
∫
dµ0(k1)dµ0(k2)|F (A) (k1, k2)| = lim
↘0
∫
dµ0(k1)dµ0(k2)|2F (A) (k1, k2)|,
If Π(0) 6= 0, then the above limits is infinite. If Π(0) = 0 but Π′(0) 6= 0, then
the limit exists but it depends on g. If Π(0) = 0 and Π′(0) = 0, then the
limits exist and vanish. It is easy to see that under the above conditions the
limit
lim
↘0
|F (B) |.
exists and vanishes as well, where
F (B) :=
∫
dµ0(k1)dµ0(k2) (Ω|S[2]mod(η, g)|k1, k2) f(k1, k2).
Now let
F (C) (k) :=
∫
dµ0(k
′) (k|S[2]mod(η, g)|k′) f(k′)
= −1
2
∫
dµ0(k
′) (k|T(L(g),L(g))|k′) f(k′).
We obtain
F (C) (k)
= −i
∫
dµ0(k
′)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2)(2pi)
4δ(k−q1−q2−k′)Π((k−q1)2)f(k′)
= −i
∫
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) θ(k
0 − q01 − q02)δ((k − q1 − q2)2)
Π((k − q1)2) f(k − q1 − q2)
Assuming that Π(0) = 0, Π′(0) = 0 and performing the integral with respect
to q01 using the Dirac delta we arrive at
|F (C) (k)| ≤ 
const
(1 + |k|)M ,
which implies that the limit
lim
↘0
∫
dµ0(k) |F (C) (k)|
vanishes.
The above results generalize to the case of QED with only minor modifi-
cations due to presence Lorentz indices. Concluding, Theorem 6.15 restricted
to the vacuum polarization contributions holds iff t˜(q) = O(|q|3) at q = 0,
where t is given by (F.5). We have S
[2]
mod(η) = 0 for these contributions.
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F.2.3. Self-energy of electron/positron. First, note that by Eq. (F.3) the
adiabatic limit of ∫
dµm(p
′) (p|S[2]mod(g)|p′) f(p′)
coincides with the adiabatic limit of
F(p) :=
∫
dµm(p
′)
[
(p|T(L(g),L(g))|p′)− (p|L(g)L(g)|p′)
]
f(p′).
Let
t(x) := (Ω|T(ψϕ(x), ψϕ(0))Ω),
t0(x) :=
1
2
(Ω|ψϕ(x)ψϕ(0)Ω) + 1
2
(Ω|ψϕ(0)ψϕ(x)Ω). (F.6)
The distribution t˜(q) is defined uniquely up to a Lorentz invariant polynomial
in q of degree 2. We set
Ξ(q2 −m2) := −i(t˜(q)− t˜0(q)).
By direct computation we get
Ξ(q2 −m2) = 1
16pi2
(
1− m
2
q2
)
log
∣∣∣∣1− q2m2
∣∣∣∣+ c1 + c2 (q2 −m2) ,
where c1, c2 ∈ R are some constants depending on the renormalization scheme.
One verifies that
Ξ(−2p · q1 + 2q21) + Ξ(2p · q1 − 2(q21 − 2q1 · q2)) = 2Ξ(0) +O(2−δ), (F.7)
for any δ > 0. We have
F(p) = −i
∫
dµm(p
′)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2)
× (2pi)4δ(p− q1 − q2 − p′) Ξ((p− q1)2 −m2) f(p′)
= − i
2
∫
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) θ(p
0 − q01 − q02)δ((p− q1 − q2)2 −m2)
× [Ξ(−2p · q1 + 2q21) + Ξ(2p · q1 − 2(q21 − 2q1 · q2))] f(p− q1 − q2)
(F.8)
If Ξ(0) = c1 6= 0, then the limit
lim
↘0
∫
dµm(p) |F(p)| (F.9)
is infinite. If c1 = 0, then we perform the integral with respect to q
0
1 using
the Dirac delta and get
|F(p)| ≤ 1−δ const
(1 + |p|)M , (F.10)
which implies that the limit (F.9) vanishes. Note that this result is inde-
pendent of the value of c2. The self-energy contributions with two incoming
or two outgoing electrons/positrons vanish trivially because of the energy-
momentum conservation.
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p p′
Figure 5. Self-energy diagram
The generalization of the above results to the case of QED is perhaps
not obvious. Let us consider the correction to the propagator of electron in
QED. We have
F(p, σ) =
∑
σ′=1,2
∫
dµm(p
′)
[
(p, σ|T(L(g),L(g))|p′, σ′)
− (p, σ|L(g)L(g)|p′, σ′)
]
f(p′, σ′).
Let
tab(x) = (Ω|T(( /Aψ)a(x), (ψ /A)b(0))Ω),
t0,ab(x) =
1
2
(Ω|( /Aψ)a(x) (ψ /A)b(0)Ω)− 1
2
(Ω|(ψ /A)b(0)( /Aψ)a(x)Ω),
and
Ξab(q) = t˜ab(q)− t˜0,ab(q).
By direct computation (cf. e.g. [Sch14]) we get
Ξab(q) =
1
4pi2
[(
1− m
2
q2
)(
m1ab +
1
4
(
1 +
m2
q2
)
/qab
)
log
∣∣∣∣1− q2m2
∣∣∣∣
+
m2
4q2
/qab −
m
4
1ab + c11ab + c2
(
/qab −m1ab
)]
, (F.11)
where the constants c1, c2 ∈ R depend on the renormalization scheme. We
define
Ξ(q2 −m2)δσ,σ′ := u(q, σ)Ξ(q)u(q, σ′).
Assume that c1 = 0. For p ∈ Hm we have
u(p, σ)Ξ(p− q1)u(p− q1 − q2, σ′)− Ξ((p− q1)2 −m2)δσ,σ′ = O(2−δ),
where δ > 0 is arbitrary. Moreover, Ξ(q2 −m2) satisfies the condition (F.7).
Consequently,
F(p, σ) =
∫
dµm(p
′) (2pi)4δ(p− q1− q2− p′)u(p, σ)Ξ(p− q1)u(p′, σ′) f(p′)
can be rewritten in the form analogous to (F.8). Thus, (F.10) holds in QED
if c1 = 0.
Concluding, Theorem 6.15 restricted to the self-energy contributions
holds iff t˜(q) = 0 for q2 = m2, where t is given by (F.6). We have S
[2]
mod(η) = 0
for these contributions.
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F.2.4. Compton scattering. Let
F (AB) (p, k) :=
∫
dµm(p
′)dµ0(k′) (p, k|S[2]mod(g)|p′, k′) f(p′, k′).
Using (F.3) and neglecting terms vanishing in the adiabatic limit we obtain
F (AB) (p, k)
= −i
∫
dµm(p
′)dµ0(k′)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) (2pi)
4δ(p+k−q1−q2−p′−k′)
×
[
P
1
(p′ + k′ + q2)2 −m2 + P
1
(p− k′ − q2)2 −m2
]
f(p′, k′).
If p, p′ ∈ Hm, k, k′ ∈ H0, p + k − q1 − q2 − p′ − k′ = 0, |k| + |k′| ≥ m,
|q1|, |q2| ≤ const and the constant in the last bound is sufficiently small, then
for arbitrary  > 0 it holds
(p′ + k′ + q2)2 −m2, (p− k′ − q2)2 −m2 > const > 0,
where the constant is independent of . We set
F (AB) (p, k) = F
<
 (p, k) + F
>
 (p, k),
where F> (p, k) is given by (F.13) and
F> (p, k)
:= −i
∫
dµm(p
′)dµ0(k′)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) (2pi)
4δ(p+k−q1−q2−p′−k′)
×θ(|k|+|k′|−m)
(
1
(p+ k − q1)2 −m2 +
1
(p− k′ − q2)2 −m2
)
f(p′, k′).
We note that F> converges in L
2(Hm × H0,dµm × dµ0) to the following
function
F
(AB)
0 (p, k) = i
∫
dµ0(k
′)
k · k′
(2p · k)(2p · k′) δ((p+k−k
′)2−m2) f(p+k−k′, k′),
which belongs to D1. Moreover,∫
dµm(p)dµ0(k) |F< (p, k)|2 =
∫
dµm(p)dµ0(k) |F< (p, k)|2 = o(2),
(F.12)
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which implies that F
(AB)
 converges in L2(Hm × H0,dµm × dµ0) to F (AB)0 .
In order to prove (F.12) we first note that
F< (p, k)
= −i
∫
dµ0(k
′)
d4q1
(2pi)4
d4q2
(2pi)3
(
θ(m− |k|+ |k′|) f(p+ k − k′ − q1 − q2, k′)
× g˜(q1)
[
P

(p+ k − q1)2 −m2 + P

(p− k′ − q2)2 −m2
]
× g˜(q2) θ(p0− k0− k′0− q01 − q02) δ((p+ k− k′− q1− q2)2−m2)
)
.
(F.13)
Using the above formula we prove that |F< (p, k)| is bounded by constant
independent of  > 0 and
lim
↘0
F< (p, k) = 0
pointwise. Eq. (F.12) follows now from the fact that the supports of functions
F< (p, k) are contained in some compact subset of Hm ×H0 independent of
 > 0.
k k′
p p′ k′
k
p
p′
(A) (B)
k1 k2
p p′
k′1 k
′
2
p p′
(C) (D)
Figure 6. Compton scattering diagrams
Now let
F (C) (p, k1, k2) :=
∫
dµm(p
′) (p, k1, k2|S[2]mod(g)|p′) f(p′).
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Using (F.3) and neglecting terms vanishing in the adiabatic limit we get
F (C) (p, k1, k2)
= − i
2
∫
dµm(p
′)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2) (2pi)
4δ(p+ k1 + k2 − q1 − q2 − p′)
×
[
P
1
(p+ k1 − q1)2 −m2 + P
1
(p+ k2 − q2)2 −m2
]
f(p′)
It holds
2F (C) (p, k1, k2) =
i
2
∫
d4q1
(2pi)3
d4q2
(2pi)4
θ(p0 + k01 + k
0
2 − q01 − q02)
× g˜(q1)g˜(q2)
[
P

(p+ k1 − q1)2 −m2 + P

(p+ k2 − q2)2 −m2
]
× δ((p+ k1 + k2 − q1 − q2)2 −m2) f(p+ k1 + k2 − q1 − q2).
With the use of the above expression we prove that |2F (C) (p, k1, k2)| is
bounded by constant independent of  > 0 and
lim
↘0
2F (C) (p, k1, k2) = 0
pointwise. Moreover, the supports of functions F
(C)
 (p, k) are contained in
some compact subset of Hm ×H×20 . Thus, it holds
lim
↘0
∫
dµm(p)dµ0(k1)dµ0(k2) |F (C) (p, k1, k2)|2
= lim
↘0
∫
dµm(p)dµ0(k1)dµ0(k2) |2F (C) (p, k1, k2)|2 = 0.
Finally, let
F (D) (p) :=
∫
dµm(p
′)dµ0(k′1)dµ0(k
′
2) (p|S[2]mod(g)|p′, k′1, k′2) f(p′, k′1, k′2).
We have
F (D) (p)
= − i
2
∫
dµm(p
′)dµ0(k′1)dµ0(k
′
2)
d4q1
(2pi)4
d4q2
(2pi)4
(2pi)4δ(p−q1−q2−p′−k′1−k′2)
×g˜(q1)g˜(q2)
[
P
1
(p− k′1 − q1)2 −m2
+ P
1
(p− k′2 − q2)2 −m2
]
f(p′, k′1, k
′
2)
up to terms vanishing in the adiabatic limit. We easily prove that |−2F (D) (p)|
is bounded by constant independent of  > 0 and
lim
↘0
−2F (D) (p) = 0
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pointwise. Moreover, the supports of functions F
(D)
 (p) are contained in some
compact subset of Hm. It follows that∫
dµm(p) |F (D) (p)|2 = o(4).
No substantial changes are required to generalize the above result to
the case of QED. Concluding, Theorem 6.15 restricted to the contributions
considered in this section holds true with some nonzero S
[2]
mod(η) ∈ L(D1,H).
F.2.5. Pair creation/annihilation. In this section we consider processes with
two incoming or two outgoing electrons/positrons. Let
F (A) (p1, p2) :=
∫
dµ0(k
′
1)dµ0(k
′
2) (p1, p2|S[2]mod(g)|k′1, k′2) f(k′1, k′2)
=
∫
dµ0(k
′
1)dµ0(k
′
2) (p1, p2|S[2](g)|k′1, k′2) f(k′1, k′2)
We have
F (A) (p1, p2)
= − i
2
∫
dµ0(k
′
1)dµ0(k
′
2)
d4q1
(2pi)4
d4q2
(2pi)4
(2pi)4δ(p1 + p2 − q1 − q2 − k′1 − k′2)
× g˜(q1)g˜(q2) P
[
1
(p1 − q1 − k′1)2 −m2
+
1
(p1 − q1 − k′2)2 −m2
]
f(k′1, k
′
2)
The principle value symbol in the above expression can be omitted as for
g˜ with the support in sufficiently small neighborhood of the origin the de-
nominators of the propagators never vanish. The above function converges in
L2(H×2m ,dµ
×2
m ) to the following continuous function
F
(A)
0 (p1, p2) = −
i
2
∫
dµ0(k
′
1)dµ0(k
′
2) g˜(q1)g˜(q2) (2pi)
4δ(p1 + p2− k′1− k′2)
×
[
1
(p1 − k′1)2 −m2
+
1
(p1 − k′2)2 −m2
]
f(k′1, k
′
2)
Almost the same reasoning can be used to show convergence of
F (B) (k1, k2) :=
∫
dµ0(k
′
1)dµ0(k
′
2) (k1, k2|S[2]mod(g)|p′1, p′2) f(p′1, p′2).
Diagrams with one incoming and one outgoing photon vanish trivially in
the adiabatic limit by the approximate conservation of the total energy and
momentum. The same is true for diagrams with no incoming or outgoing
particles.
In the above reasoning we used only general properties of the amplitudes
following from the approximate energy momentum conservation in each of the
two vertices. Thus, the above result generalizes immediately to the case of
QED. Concluding, Theorem 6.15 restricted to the contributions considered
in this section holds true with some nonzero S
[2]
mod(η) ∈ L(D1,H).
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p1 k′1
p2 k′2
k1 p′1
k2 p′2
(A) (B)
Figure 7. Pair creation/annihilation diagrams
F.2.6. Møller/Bhabha scattering. Now, let us consider the scattering of two
electrons/positrons. In QED, the electron-electron scattering is called the
Møller scattering whereas the electron-positron scattering is called the Bhabha
scattering. In the case of the scalar model there is no distinction between the
two processes.
p1 p
′
1
p2 p′2
p1
p′2p2
p′1 p1
p2
p′1
p′2
(A) t-channel (B) u-channel (C) s-channel
Figure 8. Møller/Bhabha scattering diagrams
Let
F(p1, p2) :=
∫
dµm(p
′
1)dµm(p
′
2) (p1, p2|S[2]mod(g)|p′1, p′2) f(p′1, p′2)
It is easy to see that the adiabatic limit of the s-channel contribution exist
since the denominator of the propagator (p1 + p2 − q2)2 never vanishes. In
what follows, we consider in detail only the t- and u-channel contribution
F
(AB)
 . By Eq. (F.3) we have
F (AB) (p1, p2) = F
(I)
 (p1, p2) + F
(II)
 (p1, p2),
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where
F (I) (p1, p2)
= −i
∫
dµm(p
′
1)dµm(p
′
2)
d4k
(2pi)4
g˜(p2 − k − p′2)g˜(p1 + k − p′1) P
1
k2
f(p′1, p
′
2)
= −i
∫
d4q1
(2pi)4
d4q2
(2pi)4
d4k
(2pi)2
g˜(q2)g˜(q1) P
1
k2
θ(p01+k
0−q01)δ((p1+k−q1)2−m2)
× θ(p02 − k0 − q02)δ((p2 − k − q2)2 −m2) f(p1 + k − q1, p2 − k − q2)
(F.14)
and
F (II) (p1, p2) = i
∫
d4q1
(2pi)3
d4q2
(2pi)3
d4k
(2pi)4
g˜(q1)g˜(q2) P
1
k2
δ(2p1 · (k − q1)) δ(2p2 · (k + q2)) η˜(k − q1)η˜(−k − q2) f(p1, p2). (F.15)
Let us choose the reference frame such that
p1 + p2 = (E, 0, 0, 0), p1 − p2 = (0, 0, 0, 2Q).
Since f ∈ D2 it holds f(p1, p2) = 0 if p1·p2m2 − 1 ≥ const > 0. Thus, for g˜ with
the support in sufficiently small neighborhood of the origin |Q| ≥ const > 0
in the region where the integrands in the expressions (F.14) and (F.15) are
nonzero. In the case of the first of the above expressions it is the consequence
of the approximate energy momentum conservation. Using one of the Dirac
deltas in the expressions (F.14) and (F.15) we evaluate first the integrals over
k0. Next using another one we evaluate the integral over k3. One shows the
following pointwise convergence
F
(AB)
0 (p1, p2) := lim
↘0
F (AB) (p1, p2) = lim
↘0
(F (I) (p1, p2) + F
(II)
 (p1, p2))
= − i
8E
∫
dk1dk2
(2pi)2
{∑
±
[
θ(Q2 − (k1)2 − (k2)2)
(Q2 − (k1)2 − (k2)2)1/2
1
K2±
f(p1 +K±, p2 −K±)
]
− 1|Q|
|η(0, k1, k2, 0)|2
(−(k1)2 − (k2)2)f(p1, p2)
}
, (F.16)
where
K± := (0, k1, k2, Q± (Q2 − (k1)2 − (k2)2)1/2).
The integrand in the expression (F.16) is a sum of three terms. The term with
+ is integrable, whereas the term with − and the term in the last line are not
separately integrable but their sum is integrable. Since the supports of the
functions F
(I)/(II)
 are contained in a compact subset of H×2m independent
of  > 0, by the Lebesgue dominated convergence theorem, the pointwise
convergence (F.16) implies the convergence in the sense of L2(H×2m ). Observe
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that the function F0 can be also expressed in explicitly covariant form
F
(AB)
0 (p1, p2) = −
i
4
∫
d4k
(2pi)2
1
k2
δ((p1 + p2) · k)
×(δ((p1 − p2) · k − k2)f(p1 + k, p2 − k)− δ((p1 − p2) · k) |η˜(k)|2 f(p1, p2)) .
Diagrams with one incoming and three outgoing or three incoming and one
outgoing electron/positron vanish trivially in the adiabatic limit by the ap-
proximate energy-momentum conservation. The same is true for diagrams
with no incoming or outgoing particles.
The above reasoning can be easily adapted to the case of QED. Conclud-
ing, Theorem 6.15 restricted to the contributions considered in this section
holds true with some nonzero S
[2]
mod(η) ∈ L(D1,H).
Appendix G. Proofs
Proof of Theorem 6.3. First, we note that
Φout/in(η, η
′, g,mv1,mv2) =
1
4pi
∫
dτ1dτ2d
4xd4y θ(±τ1)θ(±τ2) δ((x− y)2)
× g(x)g(y) η(x− v1τ1) η′(y − v2τ2)
In the proof of part (A) of the theorem we will use two identities:
lim
↘0
1
4pi
∫
dτ1dτ2d
4xd4y θ(±τ1)θ(±τ2) δ((x− y)2)
× [g(x)g(y)− g(τ1v1)g(τ2v2)] η(x− v1τ1) η′(y − v2τ2) = 0. (G.1)
and
lim
↘0
1
4pi
∫
dτ1dτ2d
4xd4y g(τ1v1)g(τ2v2) η(x) η
′(y)
×[θ(±τ1)θ(±τ2)δ((x−y+τ1v1−τ2v2)2)−θ(±τ1−1)θ(±τ2−1)δ((τ1v1−τ2v2)2)]
=
1
4pi
∫
d4xd4y η(x) η(x∓ y)
∫
dτ1dτ2
[
θ(τ1)θ(τ2)δ((y + τ1v1 − τ2v2)2)
− θ(τ1 − 1)θ(τ2 − 1)δ((τ1v1 − τ2v2)2)
]
, (G.2)
which are proved below. The above limits are pointwise and exist for v1 6= v2.
Note that Φout/in(η, η
′,mv1,mv2) defined by (6.8) coincides with the expres-
sion on the RHS of (G.2) and is a smooth function of the velocities v1 and
v2 outside the diagonal.
To prove (G.1) we note that
|g(x)g(y)− g(τ1v1)g(τ2v2)|
≤ |g(x)||g(y)− g(τ2v2)|+ |g(x)− g(τ1v1)||g(τ2v2)|
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and
|x|1/2 |g(x)| |g(y)− g(τ2v2)|
1/2|y − τ2v2| , |τ2v2|
1/2 |g(τ2v2)| |g(x)− g(τ1v1)|
1/2|x− τ1v1| ≤ const.
Eq. (G.1) is a consequence of the following estimates:
1/2
∫
dτ1dτ2d
4xd4y δ((x− y)2) |x− τ1v1||x|1/2 |η(x− τ1v1)| |η
′(y − τ2v2)|
≤ 1/2
∫
dτ1d
4xd4y
|x|
|~x− ~y + τ1~v1| |x+ τ1v1|1/2 |η(x)| |η
′(y)|
≤ const 1/2
and
1/2
∫
dτ1dτ2d
4xd4y δ((x− y)2) |y − τ2v2||τ1v1|1/2 |η(x− τ1v1)| |η
′(y − τ2v2)|
≤ 1/2
∫
dτ2d
4xd4y
|y|
|~x− ~y − τ2~v2| |τ2v2|1/2 |η(x)| |η
′(y)|
≤ const 1/2,
where in each of the above bounds we first changed the integration variables
(x, y) 7→ (x+τ1v1, y+τ2v2) and subsequently performed the integral over τ2 or
τ1 using the Dirac delta and assuming that v2 = (1, 0, 0, 0) or v1 = (1, 0, 0, 0).
In order to show Eq. (G.2) it is enough to note that the expression under
the limit on the LHS of this equation coincides with∑
±
1
8pi
∫
dτ1d
4xd4y η(x) η′(y)[
θ(±τ1)θ(±τ±2 (τ1, x− y)) g(τ1v1)g(τ±2 v2(τ1, x− y))
1
|~x− ~y + τ1~v1|
− θ(±τ1 − 1)θ(±τ±2 (τ1, 0)− 1) g(τ1v1)g(τ±2 (τ1, 0)v2)
1
|τ1~v1|
]
,
where
τ±2 (τ1, z) = z
0 − τ1v01 ± |~z + τ1~v1|.
By (G.1) and (G.2) in order to prove part (B) of the theorem it is enough to
study the expression
1
4pi
∫
dτ1dτ2 g(τ1v1)g(τ2v2) θ(±τ1 − 1)θ(±τ2 − 1) δ((τ1v1 − τ2v2)2)
=
∑
±
1
8pi
∫
dτ1 θ(±τ1 − )θ(±τ±2 (τ1, 0)− ) g(τ1v1)g(τ±2 (τ1, 0)v2)
1
|τ1~v1| ,
where we assumed that v2 = (1, 0, 0, 0). Using the fact that g(0) = 1 it is easy
to see that the limit  ↘ 0 of the difference between the above expression
and 14pi|~v1| log(1/) exists (and depends on the choice of g). This proves part
(B) of the theorem. 
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Proof of Theorem 6.6. The Dollard modifiers Sasout/in(η, g) are isometric and
invertible, hence, unitary. We have∫
d4x g(x)Lout/in(η;x) =
∫
d4x g(x)Jout/in(η;x)ϕ(x)
=
∫
dµm(p)dµ0(k)
[∫
d4q
(2pi)4
g˜(q)
± i η˜(k − q)
p · (k − q)± i0a
∗(k) + h.c.
]
b∗(p)b(p).
(G.3)
We note that there exists a Schwartz functions on R4 ×R4 whose restriction
to Hm × R4 is the function
Hm × R4 3 (p, k) 7→
∫
d4q
(2pi)4
g˜(q)
i η˜(k − q)
p · (k − q)± i0 ∈ C.
This shows that expression (G.3) defines an operator belonging to L(D),
where D ∈ {D0,D1,D2}. The same is true for the operator∫
d4xd4y g(x)g(y)DD0 (x− y) :Jout/in(η;x)Jout/in(η; y):
since the relativistic Coulomb phase Φout/in(η, η, g, p1, p2) given by Eq. (6.7)
is a smooth function of p1 and p2 of polynomial growth. Thus, S
as
out/in(η, g) ∈
L(D)JeK, where D ∈ {D0,D1,D2}. This proves part (A).
In the case D = D0 the statement (B) follows immediately from ax-
iom A.5 of the time-ordered products and Theorem 4.1. In fact, we need a
generalization of this theorem in which D0 is replaced with D1 ⊂ D0. The
proof of this generalization requires only minor modifications in the original
proof of Theorem 4.1 which is contained in Appendix 1 of [EG73]. As an
aside, let us mention that Theorem 4.1 is false if D = D2 because D2 is not a
subset of D0 and all states belonging to D0 can be created from the vacuum
by the operator (4.3) smeared with some Schwartz function.
Part (C) is a consequence of (A) and (B). Part (D) follows from Theo-
rem 4.1, the fact that Lout/in(η;x) and DD0 (x − y) :Jout/in(η;x)Jout/in(η; y):
are operator-valued Schwartz distributions and the property of operator-
valued Schwartz distributions stated below Eq. (4.1)). 
In the proof of Theorem 6.8 we will use the following lemma, which
follows easily from the Lebesgue dominated convergence theorem.
Lemma G.1. Let
v : Hm × (R× S2)→ C, u : Hm → iR, w : Hm ×Hm → iR,
be families of function parametrized by  ∈ [0, 1). Suppose that for all  ∈ [0, 1)
and all f ∈ S(Hm), h ∈ S(Hm × Hm) such that h is supported outside the
diagonal the functions
Hm × (R× S2) 3 (p, k0, kˆ) 7→ f(p)v(p, k0, kˆ) ∈ C,
Hm 3 p 7→ f(p)u(p) ∈ R,
Hm ×Hm 3 (p1, p2) 7→ h(p1, p2)w(p1, p2) ∈ R
(G.4)
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belong to the Schwartz class and their absolute values are bounded by some
Schwartz functions independent of . Moreover, assume that
lim
↘0
∫
dµ0(k) |v(p, k)− v0(p, k)|2 = 0,
lim
↘0
u(p) = u0(p),
lim
↘0
w(p1, p2) = w0(p1, p2)
(G.5)
pointwise almost everywhere. For  ∈ [0, 1) set
V := exp
(
e
∫
dµm(p)dµ0(k) [v(p, k) a
∗(k)− h.c.] b∗(p)b(p)
)
× exp
(
e2
2
∫
dµm(p)u(p) b
∗(p)b(p)
)
× exp
(
e2
2
∫
dµm(p1)dµm(p2)w(p1, p2) b
∗(p1)b∗(p2)b(p1)b(p2)
)
(G.6)
For each  ∈ [0, 1) the above expression defines a unitary operators in B(H)
and a formal power series in L(D2)JeK. It holds
lim
↘0
VΨ = V0Ψ
for arbitrary Ψ ∈ H when the above limit is considered in the sense of B(H)
and for arbitrary Ψ ∈ D2 when the above limit is considered in the sense of
L(D2)JeK.
Proof of Theorem 6.8. The algebraic properties of the intertwining opera-
tors (6.19) can be proved with the use of the BCH formula (B.1). Let us
show the existence of the limits (6.20). We carry out the proof only in the
out case. We have to study the following expression
Sasout(η
′, g)Sasout(η, g)
−1 = exp
(
i
e
2
∫
d4x g(x)Jout(η − η′, x)ϕ(x)
)
× exp
(
−ie
2
8
∫
d4xd4y g(x)g(y)D0(x− y)Jout(η′, x)Jout(η; y)
)
×exp
(
i
e2
8
∫
d4xd4y g(x)g(y)D
D
0 (x− y) :Jout(η − η′, x)Jout(η + η′, y):
)
(G.7)
The last factor converges to
exp
(
i
e2
8m2
Φout/in(η − η′, η + η′)
)
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by the part (A) of Theorem 6.3. We shall prove that the product of the first
and the second factor, which we denote by V, converges to (6.18). We have
− i
2
∫
d4x g(x)Jout(η
′ − η, x)ϕ(x)
=
∫
dµm(p)dµ0(k) b
∗(p)b(p) [(j(η′, p, k)− j(η, p, k))a∗(k)− h.c.] ,
where
j(η, p, k) :=
∫
d4q
(2pi)4
g˜(q)
η˜(k − q)
2p · (k − q) + i0 .
For  > 0 we set
v(p, k) := j(η
′, p, k)− j(η, p, k), u(p) := w(p, p),
w(p1, p2) :=
∫
dµ0(k)
[
j(η
′, p1, k)j(η, p2, k)− j(η′, p1, k)j(η, p2, k)
]
.
We also set
v0(p, k) :=
η˜′(k)− η˜(k)
2p · k , u0(p) := w0(p, p),
w0(p1, p2) :=
∫
dµ0(k)
η˜′(k)η˜(−k)− η˜′(−k)η˜(k)
4(p1 · k)(p2 · k) .
It is easy to see that the expressions (G.7) and (G.6) coincide. To prove
the existence of the limit lim↘0 V it is enough to show that the functions
v, u, w satisfy the assumptions of Lemma G.1. By direct inspection, the
functions (G.4) have all the required properties. Let us turn to the proof of
the existence of the first limit in (G.5). Note that
lim
↘0
∫
dµ0(k)
∣∣∣∣∣
∫
p·(k−q)<
d4q
(2pi)4
g˜(q)
η˜′(k − q)− η˜(k − q)
2p · (k − q) + i0
∣∣∣∣∣
2
= lim
↘0
∫
dµ0(k)
∣∣∣∣∣
∫
p·(k−q)<1
d4q
(2pi)4
g˜(q)
η˜′(k − q)− η˜(k − q)
2p · (k − q) + i0
∣∣∣∣∣
2
= 0.
To prove that the limit vanishes we used the Lebesgue dominated convergence
theorem. The above identity implies that
lim
↘0
∫
dµ0(k) |v(p, k)− v0(p, k)|2
= lim
↘0
∫
dµ0(k)
∣∣∣∣∣
∫
p·(k−q)≥
d4q
(2pi)4
g˜(q)
η˜′(k − q)− η˜(k − q)
2p · (k − q) −
η˜′(k)− η˜(k)
2p · k
∣∣∣∣∣
2
= 0,
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where the last equality follows again from the Lebesgue theorem. To show
the existence of the second and the third limit in (G.5) we note that
w(p1, p2) =
∫
dµ0(k)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2)
× η˜
′(k − q1)η˜(−k + q2)− η˜(k − q2)η˜′(−k + q1)
[2p1 · (k − q1) + i0][2p2 · (k − q2)− i0] . (G.8)
One can show that the limit  ↘ 0 of the integral on the RHS of the above
expression vanishes when restricted to (k, q1, q2) ∈ H0 × R4 × R4 such that
p1 ·(k−q1) <  or p2 ·(k−q2) < . Thus, the limit ↘ 0 of the expression (G.8)
coincides with the limit ↘ 0 of the expression∫
p1·(k−q1)≥
p2·(k−q2)≥
dµ0(k)
d4q1
(2pi)4
d4q2
(2pi)4
g˜(q1)g˜(q2)
× η˜
′(k − q1)η˜(−k + q2)− η˜(k − q2)η˜′(−k + q1)
2p1 · (k − q1) 2p2 · (k − q2)
which, by the Lebesgue dominated convergence theorem, is equal to w0(p1, p2).
This shows the existence of the second and the third limit in (G.5) and fin-
ishes the proof of the first equality in (6.20). 
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